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FALTINGS HEIGHTS OF ABELIAN VARIETIES WITH 
COMPLEX MULTIPLICATION 

FABRIZIO ANDREATTA, EYAL Z. GOREN, 

BENJAMIN HOWARD, KEERTHI MADAPUSI PERA 


Abstract. Let M be the Shimura variety associated with the group 
of spinor similitudes of a quadratic space over Q of signature (n, 2). 
We prove a conjecture of Bruinier-Kudla-Yang, relating the arithmetic 
intersection multiplicities of special divisors and big CM points on M 
to the central derivatives of certain L-functions. 

As an application of this result, we prove an averaged version of 
Colmez’s conjecture on the Faltings heights of CM abelian varieties. 
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1. Introduction 

1.1. The average Colmez conjecture. Let E be a CM field of degree 2d 
with maximal totally real subfield F. Let A be an abelian variety over C 
of dimension d with complex multiplication by the maximal order Oe c E 
and having CM type <f> c Hom(E,C). In this situation, Colmez [Col93] 
has proved that the Faltings height /i Falt (A) of A depends only on the pair 
(E, <h), and not on A itself. We denote it by 

h F ( E%) = L Falt (A) 
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Colmez stated in [loc. cit] a conjectural formula for in terms of 

the logarithmic derivatives at s = 0 of certain Artin L-functions, constructed 
in terms of the purely Galois-theoretic input (E, <h). The precise conjecture 
is recalled in £ 19.11 where the reader may also find our precise normalization 
of the Faltings height. 

When d = 1, so E is a quadratic imaginary field, Colmez’s conjecture is a 
form of the famous Chowla-Selberg formula. When E/Q is an abelian exten¬ 
sion, Colmez proved his conjecture in [loc. cit.], up to a rational multiple of 
log(2). This extra error term was subsequently removed by Obus [Obul3| . 
When d = 2, Yang |Yanl3| was able to prove Colmez’s conjecture in many 
cases, including the first known cases of non-abelian extensions. 

Our first main result, stated in the text as Theorem 19.5.51 is the proof of 
an averaged form of Colmez’s conjecture for a fixed E, obtained by averaging 
both sides of the conjectural formula over all CM types. 


Theorem A. 


J_ v /, Falt - _I -^'(0’ X) 
2d L (£,*) 2 L(0, x) 



De 

Dp 


~ • log(27r). 


Here x ■ {=*=!} is the quadratic Hecke character determined by the 

extension E/F, and L(s,x ) is the usual L-function without the local factors 
at archimedean places. The sum on the left is over all CM types of E, and 
Dp and Dp are the discriminants of E and F, respectively. 


Remark 1.1.1. Very shortly after this theorem was announced, Yuan-Zhang 
also announced a proof; see |YZ15j . The proofs are very different. The 
proof of Yuan-Zhang is based on the Gross-Zagier style results of }YZZ13j 
for Shimura curves over totally real fields. Our proof, which is inspired by 
the d = 2 case found in |Yanl3] . revolves around the calculation of arith¬ 
metic intersection multiplicities on Shimura varieties of type GSpin(n, 2), 
and makes essential use of the theory of Borcherds products, as well as 
certain Green function calculations of Bruinier-Kudla-Yang jBKY12j . 

Remark 1.1.2. Tsimerman |Tsil5] has proved that Theorem [Al implies the 
Andre-Oort conjecture for all Siegel (and hence all abelian type) Shimura 
varieties. 


1.2. GSpin Shimura varieties and special divisors. Let (V, Q) be a 

quadratic space over Q of signature (n,2) with n > 1, and let L c V be 
a maximal lattice; that is, we assume that Q(L ) c Z, but that no lattice 
properly containing L has this property. Let L v c V be the dual lattice of 
L with respect to the bilinear form 

[x, y] = Q O + y)~ Q(x) - Q(y), 

and abbreviate Dp = \L V : L] for the discriminant of L. 

To this data one can associate a reductive group G = GSpin(V) over Q, 
a particular compact open subgroup K c G(Af), and a hermitian domain 

V = {z € Vc '■ [z , z] = 0, [z,z] < 0}/C x 
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with an action of G( R) by holomorphic automorphisms. The n-dimensional 
complex orbifold 

M(C) = G(Q)\V x G(A f )/K 

is the space of complex points of a smooth algebraic stack M over Q, called 
the GSpin Shimura variety. It admits, as we explain in 0 a flat and normal 
integral model Ad over Z, which is smooth after inverting Dl- For any prime 
p > 2 the special fiber Adp is normal and Cohen-Macauley. 

The Weil representation 

wl : SL 2 (Z) -» Aut c (Sl) 

defines an action of the metaplectic double cover SL 2 (Z) -> SL 2 (Z) on the 
space Si = C[L V /L] of complex valued functions on L v /L. Associated with 
it are, for any half-integer k, several spaces of vector-valued modular forms: 
the space of cusp forms 5fc(wL), the space of weakly holomorphic forms 
and the space of harmonic weak Maass forms Hk(oJi). There are 
similar spaces for the complex-conjugate representation Zol- By a theorem 
of Bruinier-Funke (BF04| , these are related by an exact sequence 

(1.2.1) 0 -*■ M^_u{ujl) -*■ Hi_i±(u]i') —*■ Si + ™(ul) -*■ 0, 

where £ is an explicit conjugate-linear differential operator. 

Let € Sl be the characteristic function of the coset p e L. Each form 
/ e Hi_r(ujl) has a holomorphic part , which is a formal (/-expansion 

/ += E c){m,p)p ll -q rn 

m»- oo 
lieL^/L 

valued in Sl. The sum is over all m e D^ 1 Z, but there are only finitely many 
nonzero terms with m < 0. 

The Shimura variety A4 comes with a family of effective Cartier divisors 
indexed by positive m. e D^ 1 Z and p e L v /L. If the harmonic weak 
Maass form / has integral principal part , in the sense that Cj(m,p) e Z for 
all m < 0 and p e L v /L, then we may form the Cartier divisor 

Z{f) = E c + f(-m,p)-Z(m,p ) 

m> 0 
At£L v /L 

on Ad. A construction of Bruinier |Bru02j endows this divisor with a Green 
function ^(Z), constructed as a regularized theta lift of /. From this divisor 
and its Green function, we obtain a metrized line bundle 

Z(f) = (Z(f), $(/)) ePTc(Al). 

1.3. The arithmetic Bruinier-Kudla-Yang theorem. We now explain 
how to construct certain big CM cycles on GSpin Shimura varieties, as in 
[BKY12] . 

Start with a totally real field F of degree d, and a quadratic space (Y, J2) 
over F of dimension 2 and signature ((0,2), (2,0),... , (2,0)). In other 
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words, y is negative definite at one archimedean place, and positive def¬ 
inite at the rest. The even Clifford algebra E = C + (y) is a CM field of 
degree 2d with F as its maximal totally real subfield. 

Now define a quadratic space 

(1.3.1) (V,Q) = (r,Tr m oJ2) 

over Q of signature (n, 2) = (2 d- 2,2), and fix a maximal lattice L c V. 
As described above in an we obtain from this data a GSpin Shimura 
variety M -*■ Spec(Q), but now endowed with the additional structure of 
a distinguished 0-cycle. Indeed, the relation (11.3.11 induces a morphism 
T -> G, where T is the torus over Q with points 

T(Q) = £ x /ker (Nm : F x -* Q x ). 

From the morphism T -> G one can construct a O-dimensional Shimura 
variety Y over E, together with a morphism Y M of Q-stacks. The image 
of this morphism consists of special points (in the sense of Deligne), and are 
the big CM points of }BKY12| . 

In il3.2l we define an integral model y of Y, regular and flat over Oe , along 
with a morphism y -> M of Z-stacks. Composing the pullback of metrized 
line bundles with the arithmetic degree on the arithmetic curve y defines a 
linear functional 

Pic(M) -* Pic(T) ^ K. 

We call this linear function arithmetic degree along y, and denote it by 

Z~[Z:y]. 

To state our second main theorem, we need to introduce one more actor 
to our drama. This is a certain Hilbert modular Eisenstein series E(t,s) of 
parallel weight 1, valued in the dual representation Sf. Starting from any 
/ e we may apply the differential operator of (|1.2.1|) to obtain a 

vector-valued cusp form 

£(/) e s d (p L ), 

and then form the Petersson inner product £(s,f;(/)) of £(/) against the di¬ 
agonal restriction of E{ f, s) to the upper-half plane. This rather mysterious 
function inherits analytic continuation and a functional equation from the 
Eisensterin series, and the functional equation forces £(s,^(/)) to vanish 
at s = 0. Our second main result, stated in the text as Theorem 16.4.21 is a 
formula for its derivative. 

Theorem B. For any f e ^-^(wl) with integral principal part, the equality 
[2(f)--y] £'(0,g(/)) [ a(0,0)-c}(0,0) 

degc(^) A(0,x) + A(0,x) 

holds up to a Q-linear combination of {log(p) : p \ Hb a d,L}- 
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The unexplained notation in the theorem is as follows: Ds a d,L is the 
product of certain “bad” primes, depending the lattice L c V = y, specified 
in Definition 15.3.31 

deg c (T) = Y, | a \ ni 
y zY(C) l Aut (y)l 

is the number of C-points of the E- stack Y, counted with multiplicities; 
A(s,x) is the completed L-function of (16. 0.611 : and the constant a(0,0) = 
a,F(0,tpo) is defined in Proposition 16.2.31 In fact, a(0,0) is essentially the 
derivative at s = 0 of the constant term of E(t,s). By Proposition 17.8.21 it 
satisfies 

Q (°'0) 2A'(0, \) 

1 ' ' J A(0,x) A( 0 , x) 

up to a Q-linear combination of {log(p) : p \ Di ta( ij y }. 

A key component of the proof of Theorem 16.4.21 is the Bruinier-Kudla- 
Yang |BKY12j calculation of the values of the Green function <!>(/) at the 
points of y. which we recall in Theorem 16.3.11 In fact, a form of Theorem 
iBl was conjectured in [BKY12] based on these Green function calculations. 

The bulk of this paper is devoted to computing the finite intersection 
multiplicities that comprise the remaining contributions to the arithmetic 
intersection [2(f) : Y]- More concretely, most of the paper consists of 
the calculation of the degrees of the 0-cycles y 2(m,p) on Y, and the 
comparision of these degrees with the Fourier coefficients of the derivative 
E'(t , 0). 

The first main new ingredient for the calculation, found in § 12.51 is the 
computation of the deformation theory of certain ‘special’ endomorphisms of 
Lubin-Tate formal groups, which, using Breuil-Kisin theory, we are able to 
do without any restriction on the ramification degree of the fields involved. 
This is a direct generalization of the seminal computations of Gross |Gro86j 
for Lubin-Tate groups associated with quadratic extensions of Q p . 

The second new ingredient is the computation of certain 2-adic Whittaker 
functions, which forms the bulk of § rm 

Remark 1.3.1. The authors’ earlier paper |AGHM15| proves a result similar 
to Theorem m but for a cycle of small CM points y -*■ M. defined by 
the inclusion of a rank 2 torus into G. In the present work the cycle of 
big CM points y -> A4 is determined by a torus of maximal rank. One 
essential difference between these cases is that the big CM points always 
have proper intersection (on the whole integral model A4) with the special 
divisors 2(f). Thus, unlike in |AGHM15 ]. we do not have to deal with 
improper intersection. 

Remark 1.3.2. In the special case of d = 2, results similar to Theorem IBl can 
be found in the work of Yang jYan!3] , and of Yang and the third named 
author [HY12] . Note that when d - 2 we are working on a Shimura variety 
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of type GSpin(2,2), and this class of Shimura varieties includes the classical 
Hilbert modular surfaces. 

The paper [How m contains results similar to Theorem E but on the 
Shimura varieties associated with unitary similitude groups instead of GSpin. 
Of course the unitary case is easier, as those Shimura varieties can be real¬ 
ized as moduli spaces of abelian varieties. 


1.4. From arithmetic intersection to Colmez’s conjecture. We ex¬ 
plain how to deduce Theorem [A] from Theorem m following roughly the 
strategy of Yang |Yanl3] , First, we choose the harmonic weak Maass form 
/ of Theorem E so that / is actually holomorphic. In other words, we 
assume that 

/= E c /("bM)¥V9 m e M i_d(uj L ), 

m»- oo 
A/eL v /L 

and so £(/) = 0 by the exact sequence (11.2.111 . Combining Theorem E with 
(11.3.21) gives 


(1.4.1) 


[zuyy] 

degc(^) 


~L ~c/(0,0)• 


2A'(0,x) 

A(0, X ) ’ 


where means equality up to a Q- linear combination of log(p) with p | 
DbacL,L- 

The integral model A4 carries over it a line bundle u> called the tautological 
bundle, or the line bundle of weight one modular forms. Any g € G(Af) 
determines a uniformization 


V 


z> ~*( z ,g) 


M( C) 


of a connected component of the complex fiber of A4 , and the line bundle co 
pulls back to the tautological bundle on V, whose fiber at z is the isotropic 
line Cz c Vc■ If we now endow u: with the metric || 2 || 2 = -[^,z], we obtain 
a metrized line bundle 

O € Pic(A4). 

For simplicity, assume that d > 4 (this guarantees that V contains an 
isotropic line; throughout the body of the paper, we only require d > 2). 
After possibly replacing / by a positive integer multiple, the theory of 
Borcherds products llldrl 11 iHMlSj gives us a rational section T(/) of the 
line bundle (°=°) ^ satisfying 

- log ||^(/)[| L ' = $(/) -c / (0,0)log(4 7 re 7 ), 

and satisfying div(T(/)) = Z(f) up to a linear combination of irreducible 
components of the special fiber A4p 2 . 

We define a Cartier divisor 


£ 2 (/) = div(T(/))-Z(/), 
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on A4, supported entirely in characteristic 2, which should be viewed as an 
unwanted error term. Endowing this divisor with the trivial Green function, 
we obtain a metrized line bundle 82(f) e Pic(A4) satisfying 

[2 ® C/ (°, 0 ) . y] = ^ (/) . y] _ C/(0> 0) log (4-^7). ddeg c (y) + [82(f) ■■ y]. 

If we choose / such that c/(0,0) t 0, then combining this with (11.4.11) and 
dividing by cj(0,0) leaves 


[g = y] 

deg c (Y) 


+ d ■ log(47re 7 ) 


2A / (o,x) , 1 [g 2 (f)--y] 

A (0,x) c /(0,0) deg c (Y) 


The pullback to y of the metrized line bundle Q computes the averaged 
Faltings heights of abelian varieties with CM by E. More precisely, the cycle 
T carries a canonical metrized line bundle Do with two important properties: 
First, we show in Theorem 19.4.21 that the arithmetic degree of Do computes 
the averaged Faltings height: 


1 V h Falt 
nd -2 L. n (E^) 
1 $ 


degy(cjp) 

deg c (y) 


+ log \Dp\ ~ 2 d ■ log(27r). 


Second, in Proposition 19.5.11 we prove the approximate equality 


jo? : y] ~ degy(a^ 0 ) 
degc(P") L deg c (y) 
Putting all this together, we find that 


+ log |T>f|- 


J_ h Fait _ _ 1 L'(0,x) 

2d L (E,z) 2 L(0, x) 



De 

D f 


d 

2 


log(2vr) + ZbE(p) log (p) 

p 


for some rational numbers b F (p), with b F (p) = 0 for all p \ ‘ID^d ^. 

The integer depends on the choice of auxiliary F-quadratic space 

(y,J3) and lattice L, and to show that b F (p) = 0, one only has to find 
some choice of the auxiliary data for which p \ 2 Db a d,L- We show that for 
any prime p the auxiliary data can be chosen so that p \ Df- ta dj,. and hence 
bE(p) = 0 for all p > 2. This proves Theorem lAl except that we have not 
shown that &e(2) = 0. 

For this, we embed L in a larger lattice L° that has rank 2d+2, and which 
is self-dual at 2. The integral model A4° of the Shimura variety associated 
with L° is a smooth integral canonical model in the sense of [Kis IDI- 

Using a result of Bruinier [Brul5] , we now pick a Borcherds lift T <> (/) over 
A4°, whose divisor intersects y properly, and which allows us to compute 
the height of the canonical bundle u) along y even at the prime 2. This 
enables us to prove that the constant 6e(2) does indeed vanish. 
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2. Special endomorphisms of Lubin-Tate groups 

2.1. Breuil-Kisin modules and p-divisible groups. Fix a prime p. Let 
Qp lg be an algebraic closure of Q p , and let C p be its completion. Set W = 
W(¥p s ) and let Frac(IU) alg c C p be the algebraic closure of its fraction field 
Frac (W). Let I\ c Frac(IU) alg be a finite extension of Frac(IF), and let 

V K = Gal( Frac( IT) alg / K ) 
be its absolute Galois group. 

Set © = VF[|u|]. Fix a uniformizer vj e Ok and let £(u ) e W\u\ be 
the associated Eisenstein polynomial satisfying £(0) = p. A Breuil-Kisin 
module over Ok (with respect to w) is a pair (911, (fyn), where 911 is a finite 
free ©-module and 

<p m : ip*m [£ _1 ] 4 911[<?" 1 ] 

is an isomorphism of ©-modules. Here, (p ■ © -+ © is the Frobenius lift that 
extends the canonical Frobenius automorphism Fr : W -> W and satisfies 
<p(u) = u p . 

Usually, the map will be clear from context and we will denote the 
Breuil-Kisin module by its underlying ©-module 9H. 

We will write 1 for the Breuil-Kisin module whose underlying ©-module 
is just © equipped with the canonical identification cp*& - ©. 

By E is m, there is a fully faithful tensor functor 9J1 from the category of 
Zp-lattices in crystalline T/^-representations to the category of Breuil-Kisin 
modules over Ok- It has various useful properties. To describe them, fix a 
crystalline Z p -representation A. Then: 

• There is a canonical isomorphism of T-isocrystals over Frac(fU): 

(2.1.1) m(A)/um(A)[p- 1 ] ^ -Deris(A) = (A® Zp B cris ) TK . 

• If we equip y?*9H(A) with the descending filtration FiT</?*9!T given 

by 

FilV®t(A) = {x € ip*m(A) : <p m{A )(x) € £{ U ym(A)}, 
then there is a canonical isomorphism of filtered K-vector spaces 

(2.1.2) (^m(A)/£(u)p*mi(A))[p^] ^ K ® Frac(w) D ciis ( A). 

Here, the left hand side is equipped with the filtration induced from 

FilV97t(A). 

Kisin’s functor can be used to classify p-divisible groups over Ok- This 
was done by Kisin himself [KisflBj when p > 2, and the case p - 2 was dealt 
with by W. Kim [Kiml2j . We now present a summary of their results. 
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We will say that 971 has £-height 1 if the isomorphism ip<xn arises from a 
map (p*DJt -*■ 9J X whose cokernel is killed by £(u). 

Let S -*■ Ok be the p-adic completion of the divided power envelope of 
the surjection 

W[u\ — O k . 


The natural map W\u\ -*■ S extends to an embedding & S, and the 
Probenius lift ip ■ & -*■ 6 extends continuously to an endomorphism (p : S -*■ 
S. 

Write Fil 1 ^ c S for the kernel of the map S Ok- If SPT is a Breuil-Kisin 
module of T-height 1, and JA = S ® V) 6 9JT, we will set 


(2.1.3) Fi^M = {xtM = S® 6 ip*m : (l®^ an )(x)eFil 1 S® 6 511c5® 6 mi}. 


The image of Fil 1 ^ in Ok ®s -Ad = Ok ®>6 <^*911 is a (9/^-linear direct 
summand, and so equips the ambient space with a two-step descending 
filtration. 

For any p-divisible group R over a p-adically complete ring R, we will 
consider the contravariant Dieudonne T-crystal H(R) associated with R 
(see for instance [BBM82] ). 

Given any nilpotent thickening R' -»■ R, whose kernel is equipped with 
divided powers, we can evaluate B (R) on R' to obtain a finite projective 
-R'-module B (R)(R') (this construction depends on the choice of divided 
power structure, which will be specified or evident from context). If R' 
admits a Frobenius lift p ■ R' -> /?/, then we get a canonical map 


tp : ip*H>(R)(R') -*■ U)(R)(R') 


obtained from the T-crystal structure on 0(R). 

An example of a (formal) divided power thickening is any surjection of the 
form R' -> R'/pR', where we equip pR' with the canonical divided power 
structure induced from that on pZ p . Another example is the surjection 
S -*■ Ok considered above. 

The evaluation on the trivial thickening R -» R gives us a projective 12- 
module B (R)(R) of finite rank equipped with a short exact sequence of 
projective i?-modules: 

0 Li e(RY B (R)(R) Ue(R v ) 0. 


We will set 

Fil 1 B (R)(R) d = f Lie('H) v c B (R)(R), 
and term it the Hodge filtration. 


Theorem 2.1.1. For any p-divisible group R over Ok, write Rfi for its 
Cartier dual. Then the functor R h* V7l(T p (R v )) is an exact contravariant 
equivalence of categories from the category of p-divisible groups over Ok to 
the category of Breuil-Kisin modules of £-height 1. Moreover, if we abbre¬ 
viate 

m(R) d =m(T p (R v )), 
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then the functor has the following properties: 

(1) The ip-equivariant composition 

D cris (T P (-H v )) 4 B (U)(.W)[p- 1 ] 

maps ip*Tl(TL)/wp*Tl('H) isomorphically onto B (TL)(W). Here, in 
a slight abuse of notation, we write B (TL)(W) for the evaluation on 
W of the Dieudonne F-crystal associated with the reduction of TL 
over Fp lg . 

(2) The filtered isomorphism 

<p*m(H)/e(u)< P *fm(H)\p- 1 ] ^® Frac(w) D CIis (T p (n v )) 

4 b (H^OkW 1 ] 

maps ip*iM(H.)/£(u)<p*yjl('H) isomorphically onto B (TL)(Ok)- 

(3) There is a canonical ip-equivariant isomorphism 

S« v ,e®t(W)^B(W)(S) 

whose reduction along the map S ->■ Ok gives the filtration preserving 
isomorphism in ©• 

2.2. Lubin-Tate groups. Fix a finite extension E of Q p , and a uniformizer 
7 te € E. Let e(X) e Oe{X~\ be a Lubin-Tate polynomial associated with tte, 
so that 

e(X) = 7 teX (mod X 2 ), 
e(X) = X q (mod 7rg). 

Here, q = ifkE is the size of the residue field feg of E. 

Let Q = Spf(0 F [|X|]) be the unique formal O^-module in one variable 
over Oe with multiplication by tte given by the polynomial [ 7 rg](X) = e(X). 
For each n e Z>o, write Q[ifff] for the 7r^-torsion O^-submodule of Q. These 
fit into a 7TE-divisible group Q[nfl] over Oe- 

Assume now that we have an embedding E •-> K. We obtain a formal Oe- 
module Go K over Ok and a 7TE-divisible group G\Fe~\o k - For simplicity, 
we will omit Ok from the subscripts in what follows, and so will be viewing 
both Q and C/[7r|?] as objects over Ok- 
Let 

T nE (G) d = f hm^[7Tg](Frac(VF) alg ). 

n 

be the 7Tg;-adic Tate module associated with £/[7 t|?]. This a crystalline Z p - 
representation of F^- equipped with an C^-action, making it an O^-module 
of rank 1. We will now describe the associated Breuil-Kisin module 

m(G) d =m(T WE (G v )) 
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with its Oe~& ction. This will involve constructing an explicit candidate 
for such a module, and then showing that this candidate is indeed isomorphic 

to m(g). 

Let Eq c E be the maximal unramified subextension, and let Emb(Lo) be 
the set of embeddings Eq ^ Frac(IU). Let lq e Emb(l?o) be the distinguished 
element induced by the embedding E •-> K. The Frobenius automorphism 
Fr of W acts on Emb(.E'o), and every i e Emb(-Eo) is of the form Fr*(/o) for 
a unique i € {0,1,... , do - 1}, where do = [Eq : Q p ]. 

The underlying O^-equivariant ©-module for our candidate is 

9ft = © ®z p Oe - © © ®i,Oe 0 = © ©t> 

teEmb(Eo) L 

where, for i e Emb(Eo), we have set W L - W ®i,o Eq Oe and © t = W t [|u|]. 
There is a canonical O^-equivariant identification of ©-modules 

^aft = ©^6 ft -i (t) = ©© t = art. 

l l 

The © ®z p O^-equivariant isomorphism Lpw will now arise from a map 

<pm : ©DR = M on, 

for some 

/3z(<5®z p O E )n(6[£- 1 ]® Zp O E ) x = U ©T©,^ 1 ]*. 

teEmb(l?o) 

To describe (3 explicitly, we have to specify each of its components 

Ae^ne^r^cejr 1 ]. 

Let £i. 0 (u) e W, 0 [ y ] be the Eisenstein polynomial for w over W i0 satisfying 
£ to (0) = ©Te), and set 


& = 


| £lq{u) if i = Lq 

11 otherwise. 


From 9rt, we obtain an abstract ‘crystalline’ realization 
(2.2.1) M cris d = f W ® e ip*M = W ®z p O e = © W„ 

i 

where we view W as an ©-algebra via u >-> 0. This also identifes Fr*M cr i s 
with ®, W L . Under these identifications, the F-crystal structure on M cr - ls is 
given by multiplication by the image of /? under 

1 «®i«o ... 

© ®z p Oe -* © ®z p Oe -* W ®z p Oe- 

This image is easy to describe: Its /.-component is 1 when 1 1 Fr(/.o), while 
its Fr(/.(©component is Fr(/,o(7r/j)) e 

Similarly, we obtain an abstract ‘de Rharn’ realization 

M dR d J f O k ® 6 <p*M, 


( 2 . 2 . 2 ) 
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where we view Ok as an (5-algebra via u >-> vo. Write M t for the i-isotypic 
component of this is simply 

Ok,l d = f Ok ®i,o £o Oe 
viewed as a module over itself. 

The recipe in ([2.1.21) also gives us a direct summand Fil 1 M ( \r c M& r. This 
is an Ok As-stable submodule, and so it suffices to specify its i-isotypic 
component Fil 1 M, c M t for each i. To do this, we first need to describe the 
subspace Fil 1 y>*9JT. By definition, we have 

Fil VSJt = {x e (p*DJl : ip w (x) € £(u)DJt}. 


From this, we deduce 


(2.2.3) 


(Fil Van) t 


[{x£& L \£ b0 (u)xz£(u)& L } if t = t 0 
1 £(u)& b otherwise. 


Reducing mod £(u), we now find 


(2.2.4) 


Fil*M t = 


j{x € M l : £ i0 (vo ® l)x = 0} 

1° 


if i = to 
otherwise. 


Clearly, DJI has ^-height 1. Therefore, by Theorem 12.1.11 there exists a 
p-divisible group H over Ok, equipped with an O^-module structure, such 
that DJI = DR{T~i). Moreover, the O^-action on SOI translates to an O^-action 
on %. 

Let T 77E (Ti) be the 7re-adic Tate module over K associated with T-i. We 
can use the explicit descriptions of M cr - ls and M$r above to obtain a descrip¬ 
tion of the associated F-equivariant, filtered (^-module 


Aris = D cris (T p (U)). 

The underlying Frac(lF)-vector space is 

Aris = AfcrisfjC 1 ] = Frac(W) ® Qp F = ® Frac(W) t . 

i 


As before, this description also identifies Fr*Aris with ® i ,Frac(W) t , and 
under these identifications, the F-isocrystal structure on Aris is given simply 
by multiplication by 7r t0 on the i-o-factor, and the identity on the remaining 
factors. 

To complete our description, we need to know the subspace 
Fil 1 Air c Ar = K ®Frac(W0 Aris- 

Let D l c Dd r be the i-isotypic component. This is a rank 1 free module 
over K b = K ®w W b . Note that we have a quotient map 


( 2 . 2 . 5 ) 


K l o = K ® L 0 } e 0 E -> K 
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induced by the distinguished embedding E K. This gives us an idem- 
potent projector eo : K Lq -*■ K Lq such that (12.2.511 identihes eoK Co —» K. 
From (|2.2.4[) . we now have 

Fil 1 ^ d R = ©Fil 1 Ac©A, 

L i 

where 

Fii'A=l eoA ifi=i ° 

10 otherwise. 

Proposition 2.2.1. There is a OE-equivariant isomorphism 

m(g) ^ m 

of Breuil-Kisin modules. In particular, we have OE-equivariant isomor¬ 
phisms 

D (G)(W) M cris , D (G)(O k ) - M dR 

of F-crystals over W and filtered Ox-modules, respectively. 

Proof. The first assertion of the proposition amounts to showing that we 
have an O^-equivai'iant isomorphism 

T VB (H)^T VE (g) 

of 7 TE-adic Tate modules over K. In fact, since all Cb-lattices in T nE (Q)[p -1 ] 
are simply dilations of T nE (G) by powers of tte, it is enough to show that 
we have an O^-equivariant isomorphism 

F 7 r£ (H)b- 1 ]-T 7 r£ (g)[p- 1 ]. 

To do this, we will show that the admissible filtered 93 -modules associated 
with the two representations are Cb-equivariantly isomorphic. We have 
already computed the admissible (^-module H C ris associated with T 7Te {TL). 
So we have to check that it agrees with that obtained from T nE (Q). This 
follows from [ RZ96 , Lemma 1.22]. 

The last assertion follows from the first via (JT|), and ([2]) of Theorem 12.1.11 

□ 

2.3. Special endomorphisms. We will assume that E is equipped with 
a non-trivial involution r. Let F c E be the fixed field of r. If E/F is 
unramified, then we will further assume that the uniformizer tte is in fact a 
uniformizer in F. 

Given a p-adically complete O ^-algebra R, a special endomorphism of Gr 
will be an element / e End(t//j) such that 

f([a](X)) = [r(a)](f(X)), 

for any a e Oe- Write V(Gr) for the space of special endomorphisms of G- 
The following proposition is clear. 


Proposition 2.3.1. 
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(1) The subspace V(Gr) c End(^) is OE-stable. If it is non-zero, then 
it is a finite free Oe- module of rank 1. 

(2) For any X\,X 2 € V(Gr), there exists a unique € Oe such that 

xi o x 2 = [(aq,x 2 )] € End o e {Qr)- 

(3) The pairing (xi,x 2 ) {x\,X 2 ) is a Hermitian pairing on V(Gr)- 

It will be useful to have the following notation: Let R be a commutative 
ring with a non-trivial involution r. For any i?-module M, we will set: 

V(M,t ) = {/ e End(M) : /(a - m) = r(a)/(m), for all a e R}. 

This is an Hbsubmodule of End(M), where we equip the latter with the R- 
module structure obtained from post-composition with scalar multiplication 
by R. 

The embedding to € Emb(£b) induces an embedding Ie t -» Tp lg . Set 

m)=%) 

and 

Leris (0) = V (M cr i s , T ), 

where we view M cr ; s as an ®z p IT-module. 

We now have the following easy lemma, whose proof we omit. 

Lemma 2.3.2. 

(1) I4ris(f?) is an OE-stable subspace o/End(M cr ; s ), which is free of rank 
1 over W ®z p Oe- Conjugation by (po : Fr*M cr i s -*■ M cr [ s induces a 
Oe ®z p W-linear automorphism 

<P ■■ Pr^ C ris(^)b _1 ] ^ VcrUG^p- 1 ]- 

(2) There is a canonical identification 

v(Gi) = v c UGY =l 

of V(G\) with the ip-equivariant elements in V cr \ S (G)- 

(3) For x,y e V CI i s (G), x o ye End(M cr ; s ) corresponds to multiplication 
by an element (x,y) e W ®i p Oe- The assignment 

(x,y) (x,y) e W ®z p O e 

is a t-H ermitian form on V CT - 1S (G), which restricts to the canonical 
OE-valued Hermitian form on V(G i) from Provosition 1 2.3. 1\ 

It will be useful to have an explicit description of V cr i s (G) along with that 
of the conjugation action of the semi-linear endomorphism ip o of M cr ; s . This 
is easily deduced from the explicit description of M cr ; s from (|2.2.1I) . 

For each t e Emb(E'o), set V L = W ®l,o Eq V(Oe,t). This is a rank 1 free 
module over IT,. Using (|2.2.1I) . we now obtain a canonical C^-equivariant 
identification 

Kris(S) = W® Zp V(Oe,T) = © V t . 

iGEmb(Eo) 
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This also identifes Fr*F cris (£) with © ieE mb(E 0 ) K- 

As before, set do = [Eq ■ Q p ]. Any element of V crm {Q) is a tuple of the 
form / = (fi)o<i<d 0 -i for some a t e V F and 

</>(/)» = VMfi- 1) € ^Fr'Cto) [P _1 ]> 
for certain ry e Frac(IF Fr .:^ o )). 

To pin the ry down, first consider the case where E is unramified over 
E. In this case, tt e is a uniformizer for F by hypothesis, and hence satisfies 
t(tt e ) = tte- Also, r acts non-trivially on Emb(Eo): If r e Z>i is such that 
2 r - do, we have, for any t e Emb(E 0 ), 

Fr'(t) = t(l) d = f lot. 


We can now identify 

K = Hom Wl (W' T(t) ,W t ), 

as IF,,-modules. Here, we view IF,, as acting on lF T ( t ) via the isomorphism 
W L —> W r ( t ) induced by r. 

Now, as seen in (12.21) . the E-crystal structure on M cr ; s corresponds under 
the identification (12.2. ID to multiplication by the element /3q e IF ®z p 
whose to-isotypic component is 1 <g> tt e , and whose t-isotypic component for 
t ^ to is 1. From this we deduce: 


Vi = ' 


1 ® 7 Te 

1 ® TTg 


1 


if i = 1 
if i = r + 1 
otherwise. 


Using this, we easily obtain the following explicit description of the space 
V(Gi) c F cris (£/). 

Proposition 2.3.3. When E/F is unramified, V{Q\) c V cr i s (Q) consists 
precisely of the elements f = (ft) such that: 

• hzV% d0 = l = V{O E ,T); 

• fi = Fr*((l ® TT E )a 0 ), for 1 < i < r; 

• fi = Fr*(ao), for r + l<i<2r-l. 

In particular, we have an isometry 

(m)-(v))-(no E d), ^(v)) 

f~f 0 


of Hermitian OE-modules, where, for x,y e V(O e ,t), {x,y) e Og is i/te 
element such that x o y e End(0e) is multiplication by (x,y). 

Let us now consider the case where E/E is ramified. In this case, r fixes 
every element in Emb(Eo) and so induces involutions r : W t -»■ IF, for each t e 
Emb(Eo). Once again, as in the ramified case, from the explicit description 
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of the T-crystal structure on M cr ; s under the identification ( 12.2.1 1) , we have 
V t = V(W l ,t), and also 


Vi = 


1®7te 

l®r(7r£;) 

1 


if i = 1 
otherwise. 


So we obtain: 


Proposition 2.3.4. When E/F is ramified, V{Q i) c V cr \ S {Q) consists pre¬ 
cisely of the elements f = (/, ) such that: 

•fat V iQ satisfies (1 ® 7r E )Fr do (/o) = (1 ® T(n E ))f 0 ; 

• fi = ( 1 ® -Pr*(/o), for i = 1,... ,d 0 - 1 

/n particular, the map 

VP®z p Wi)F cris (S) 

is an isomorphism. Moreover, if 7 e is such that (1 0 7 T£:)Fr rfo ( 7 ) = 
(1 0 t(tt e ))^, then we have an isometry 

(m),{y))-(V(0 B ,r), 7 r(7)(v)) 
of Hermitian O e -modules defined by f 7 -1 /o- 


2.4. Special endomorphisms with denominators. Let R be ap-adically 
complete O^-algebra. Fix an element p e E/O e , and choose any representa¬ 
tive ft € E for it. If p ± 0, the positive integer r(p) = -ord p (/2) depends only 

on p; if p = 0, set r(p) = 0. Let [ft] e ir^ ^End((?i?) be the corresponding 
quasi-isogeny from Qn to itself. Set: 

VffiGn) = {/ € V{g R )[n- E l ] : / - [ft] € Endo F (^)}. 

This does not depend on the choice of representative ft. 

Proposition 2.4.1. Suppose that E/F is ramified. 

(1) If p = 0, thenV lx (g R ) = V(g R ). 

(2) If p± 0, i/ien is non-empty if and only if 

r(p) < ord E (l) E / F ) - 1, 

in which case it is a torsor under translation by V (1?£> K / OT ) • Here, 
d e/f the relative different of E over F. 

(3) Ifp* 2 and /U 7 0, i/ien V ll (g OK / w ) = 0. 

Proof. For simplicity, set m = ord E (d E / F ). 

The first assertion is clear. Suppose therefore that p 4- 0, and that we 
have / e V^(gQ K / m ). In the notation of Proposition 12.3.41 / corresponds 
to a tuple (/,;) with fi e V^IV^ 1 ] = P(IP ti ,r)[7r^ 1 ], where fi = Fr*(/ 0 ), and 
where /o satisfies: 

(2.4.1) Fr do (/o) = ^^/ 0 . 

tt e 

Here, we are identifying ir E with the element 1 0 ir E e W L0 . 
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Moreover, by hypothesis, fo~[p\ e End(W t0 ). Now, [fi] is invariant under 
the action of Fr d °. Therefore, (12.4.11) implies: 

o = /o-^(/o)^,. 

This implies 

m- 1 = ord# |l - t ^' Ke ^ j > r{fi). 

Hence, we find that V fl (Go K /’ca) = 0 whenever r(/x) > m - 1. 

Assume now that r(/i) < m - 1. To finish the proof of assertion (2), we 
have to show that we can always find fo as above satisfying (12.4.11) and with 
fo - [A] € End(W t0 ). 

For this, choose any fo e [tt^, 1 ] such that /q- [/I] lies in End(H / t0 ). We 

now have 

— 7 -^T-Fr d °(/o) -/ 0 = (- l) Fr rf °(/o) + Fr d °(f 0 - [jl]) - (/ 0 - [fi]). 

Since r(/i) < m - 1, we see that this belongs to V LQ . 

Now, notice that the endomorphism 


£—.-Fr^O-id 


v. 


T ( n E ) 


10 




<■0 


is surjective: Indeed, mod 71#, this is immediate from the fact is alge¬ 
braically closed. A simple lifting argument, using the completeness of W bQ 
now does the rest. 

Therefore, there exists /q e V bQ with 


t(tte) 


Fr do Uv)-fv 


t(tt e ) 


Fr d °(/o) - Jo¬ 


lt is an immediate check that we can now take fo = fo ~ fo- 
Assertion (3) is clear from (2), since, when p + 2, m — 1 = 0. 


□ 


2.5. Deformation theory. Assume now that K is generated over Frac(lT) 
by the image of lq : E -» Frac(!T) alg . Set w - lo(tte)', this is a uniformizer 
for K. For any k e Z>i, set Q}- = Go K /xu k+1 ■ an d f° r each /j e T)^, f /Oe, set 

V,{Gk) d =V,(Q OKl{mk) ). 

Let MdR be the de Rharn realization of Go K as i n (12.2.21) : It is a free 
Ok ®z p O ^-module of rank 1 equipped with the 0A'-linear direct summand 
Fil 1 described in (I2.2.4|) . 

In the notation of § 12.31 let 

VdR d = f V(M dR ,r ) c End OK (M dR ) 
be the space of r-semilinear endomorphisms of M dR . 
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Given f\ . / 2 e VdR, there is a canonical element (fi, f 2 ) c Ok ®z p Oe such 
that, for every m e M dR , (/1 o / 2 )( m ) = (/ 1 , / 2 ) • m. Set VdR = V^r ®o e 0 ~e/ f ■ 
Similarly, for each k e Z>i, let M dR) fc = M dR Ok/^ be the induced 
filtered free module over Ok /ro fc , and let Vd R ,fc = E(Md Ri fc,r). We have 

VdR,fc = Vd R ®o K 0 K /™ k+1 . Set VdR,fc = VdR ®o K Ok/^ 1 ' - 
For each k e Z>i, 

Ob fc = Vd R ®o K ® Z:p c?B,i®Tbo) °Kl^ k - 
This is a rank 1 free module over 

Now set Obfc = ■ Ob^: This is a 1-dimensional vector space over Fp lg . 

Proposition 2.5.1. For each k e Z>i, t/iere is a canonical map 

obfc+i : V^g k ) -> Obfc+i 
with the following properties: 

(1) Tn element f e V^(Gk) lifts to V^Gk+i) If and only if obk+\(f) = 0. 

(2) If a € Or, i/iera f/ie diagram 


y^{Qk )— — - Qbfc + i 




xm-lq (r(a))-x 


Va-ni^k) -;-^ Obfc + i 


commutes. 


Proof. For any p-adicaly complete Or-algebra R , an element / e V^Gk) can 
be viewed as a r-semilinear homomorphism 

/ : Q r -> Hom n g (0 K / F ,g R ) 

of formal Or-modules over i?. 

For each /c e Z>i, Or'/tu fc+1 -*■ Ok/ to k is a divided power thickening, and 
so every / e V^(Gk) has a canonical crystalline realizatiorQ 

fk+l : -^dR,fc+l ®O e ^E/F -* MiR,fc+l> 

which is a r-semilinear homomorphism of Orr/tu fc+1 ®^ p dr-modules, and 
thus can be viewed as an element fk+i € Vd R ,fc+i. 

We claim that the map ob^+i which takes / e V^(Gk) to the image of f k +\ 
in Obfc + i answers to the requirements of the lemma. 

For this, set 

“ = /-[£] eEnd o F {Qk)- 

It is easily checked that / lifts to an element of V^(Gk+ 1 ) if and only if a 
lifts to Endo F (£ fc+ i). 

The crystalline realization of a gives a homomorphism 
Ok+l '■ A^dR,fc+l -»■ A^dR,fc+l 

1 Recall that we are using the contravariant Dieudonne T-crystal. 
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of C>K/w k+1 Op-modules. 

By Grothendieck-Messing theory |Mes72j —which applies even when p = 2, 
by the theory of Zink [Zin QH, because Q is connected —a lifts to End(C/fc+i) 
if and only if a^+i preserves the direct summand Fil 1 M ( jp i] / c+1 c M dRi fc +1 . 

We now use the explicit description of the filtration from (12.2.411 . Since 
S i0 (u) = -u + 1 ® 7rp, we find that, in terms of the natural isotypic decom¬ 
position M d R,fc+i = e t M dR)fe+ i )t , we have: 


Fil^dR.fc+u 


\{x e M dR>fc+ i >t : (1 ® -k e ~ vo ® l)x = 0} 

1° 


Here, we are using the fact that the cokernel of the map 


Mir, i 0 


l®7T£;-ro®l 

- > Af dR;t0 


if i = i 0 
otherwise. 


of 0/^-modules is free of rank 1 over Ok, and hence the formation of its 
kernel is compatible with arbitrary base change. 

For this, choose an Ok ,r(t 0 )-module generator u e V^K,k,r(i, 0 ), and let c e 
Ok,t(i 0 )/ (vo k+1 ® 1) be such that c-u = fk+i- The proposition will follow 
once we show that / lifts to V^Qk+i) if and only if c maps to 0 under 

O K ,T(,. 0 )K^ k+1 ® !) = (0 K /vu k+1 ) ® t (l 0 ),Oe 0 ^ 0 K /vu k+1 . 

Equivalently, if and only if c e (1 ® t(tte) - vo ® 1) • 0 RiT ( to )/(ro A:+1 ® 1). 

First, suppose that E/F is unramified. In this case we 

can take p = 0, and / lifts precisely when we have 

fk+ lCFi^Mdiqfc+i) c Fil 1 Af dRi fc +1 . 

Now, we have 

u(Fil 1 M dR;fc+ i) = Fil 1 M dR:fc+1 d = f {x e M dRMhT ^ : (l®T(n E )-vn®l)x = 0}. 

Therefore, we must have c- (Fi^Mdj^fc+i) = 0, which is precisely equivalent 
to c € (1 ® t(tte) -vo ® 1). 

Suppose now that E/F is ramified, so that lq = t(lq) e Emb(£b). In this 
case, the homomorphism 


fk+lxo ~ f ® A : M dR,k+l,i-0 ®Oe $E/F M dR,k+l 
lifts to the endomorphism a& + i )t0 e End©,,, (M dRi *. + 1 , ( , 0 ). The proposition now 
reduces to the following easy observation: Suppose that /oo e Hue is such 
that /oo - 1 ® /I e Ende> F (M dR ). Then we have 

(foo - 1 ® /x)(Fil 1 M dRj fc+i) c Fil 1 

if and only if e (1 ® t(tt e ) - vu ® 1) • F dR)t0 . □ 


Suppose that k < e, so that the surjection 


W[u]/(u k ) — 0 K /(vo k ) 
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is a divided power thickening (its kernel is generated by p). Upon evaluating 
the crystal E)(£7) on this thickening, we obtain a free W[u]/(u k ) ®z p Os- 
module Ai k of rank 1. Using the Frobenius lift ip on W[u]/(u k ) satisfying 
p(u) = vP and the T-crystal structure on B(£?), we also obtain a canonical 
W[u\/(u k ) ®z p O^-linear map 

Vk '■ V*M k M k - 

Let V k = V(A i k , T ) be the space of 1 ® r-semilinear endomorphisms of the 
W\u\/(u k )® z p Oe ~module Ai k - Conjugation by Vk induces an isomorphism 

Vk ■ V*Vk[p~ l ] ^ Vjfc[p -1 ]- 

Set Vfc — Vfc ®Oe ® e/f ' 

The 0#-module structures on Aik, Vk and Vk equips them with isotypic 
decompositions 

Aik = ©-Adfc )( ,; Vk = 0 Vk ,,,; Vk = 0Vfc,t- 

i Li 

Lemma 2.5.2. 

(1) For each k < e, the reduction map V k -*■ U, r i s (£?) induces an isomor¬ 
phism 14 -»• U(£?i)[p -1 ]. 

(2) Suppose that k < e and that f e V^(Qk)- Set 

k 

Pk +1 = Yj u1 ® t ( 71 e) K i e W[u\/(u k+1 ) ® t (i.o),Oe 0 Os- 
i =0 

Then obk+i(f ) = 0 if and only if 

Pk+i ■ fk+ i,r(to) e ® r ( 7r i?) fc+1 ) ' V k+ 1 ,re¬ 
proof. The first assertion is well-known, and is essentially Dwork’s trick: 
Given an element /o e V{G\)\p~ l ], and any lift / e V/- [p~ 1 ], ^ _1 (/) e 
Vklp- 1 ] will be the unique p*,-invariant lift of /q. 

For the second assertion, by multiplying both sides of the condition by 
(1 ® t(tte) - u ® 1), we see that it is equivalent to: 

(2-5.1) /fc+l,r(t 0 ) € (! ® r ( 7r s) - « ® 1) ■ Vfc+l,r(t 0 )- 

The pre-image Fi^.Adfc+i of Fi^M^R^+i in Ai k +1 can be explicitly de¬ 
scribed using (12.2.31) and the canonical isomorphism 

V*<m® 6 W[u]/(u k+1 ) e* M k+1 
obtained from assertion (3) of Theorem 12.1.11 We find: 

Vi^Aik+i = 1 • M k+Uo + £{u) ■ Ai k+ i 

Now, W[u]/(u k ) -»■ OkI tt k is a divided power thickening, its kernel be¬ 
ing the ideal (p, u k ~ l ), and f k +i, by virtue of being characterized by its 
Pfc-invariance, is the evaluation of the crystalline realization of / on this 
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thickening. Therefore, ob^.+i(/) vanishes if and only if f k+ 1 -1 ® p, preserves 
the submodule Fi^Affc+i c M k +i- 

If E/F is unramified, then we can take fi = 0, and the condition translates 
to: 

£(u) 2 _ cv„. N 

i _ / \ _ 1 Jfc+l,r(to) e t'\ U ) ' kfc +1 t0 . 

1 ® t(tte) ~ U ® 1 

This is easily seen to be equivalent to (12.5.111 . 

Now, suppose that E/F is ramified. Fix a IF t0 [u]/(u fc+1 )-module gener¬ 
ator x € Mk+i,L 0 - Tlien the image of Fil 1 _MdR,fc+i,t 0 under f k+ i )t0 - 1 ® fi is 
generated by 


£{u) ® 1 


.f (xT £( u )® 1 

1 ® t(tTe) - u ® 1 1 ® 7T£; - U g 

This lies in Fi^A^fc+ixo if and only if we have 


1 


■ {1® fl) -X. 


(l®7r jB -U®l)/ fc+ l il0 (x)-(l®T(7T jB )-U®l)(l®/I)-X € {1®t{-K E )-U® l)M k +l, b0 ■ 


Equivalently, if and only if 

(1 ® (ir E -T(ir E )))fk+i,L 0 (x) e (1 ® t(tt e ) -u® 1 )M k +i, L0 , 
which, as is once again easily verified, is equivalent to (12.5.111 . □ 


Lemma 2.5.3. For any k e Z>i, suppose that f e V^(G k ) is such that f does 
not lift to V[i(G k+ i). Then, for every a e O e with ord£(a) = 1, a-f € V a . /1 (G k ) 
lifts to Va.^Gk+i) but not to 14 . M (^ fc+2 ). 

Proof. It is immediate from Proposition 12.5. II that 

ob fc+ i(a- /) = to(T(a))obfc + i(/) 

vanishes. Therefore, a-f lifts to V a . fl (G k + 1 ). It remains to show that it does 
not lift to V a . t j j (Gk+ 2 )i that is, we must show that obfc +2 (u • /) 2 0. 

Suppose first that k < e, where e = e E is the absolute ramification index 
of E, and suppose that ob k+ - 2 (a • /) = 0. We then claim that ob k+ i(f) = 0. 
Indeed, this follows easily from assertion (2) of Lemma l2.5.2l and the identity 

/3fc+2 = (1 ® r(n E ))-/3k+i (mod u k+1 ). 

This shows the lemma when k < e. 

Now suppose that k > e. Then the map Ok Ok /ro fc is a divided power 
thickening. Therefore, / e V^Gk) has a crystalline realization f a - ls e V^r 
whose reduction mod w k+l is the crystalline realization f k +\ e VdR,fc+i- Set 

- def w 

Ob - kdR ®0_fsr®z p C , B,l®' r ( t o) 

Then, Ob is a rank 1 hnite free 0A'-module, and, for each i e Z>i, we have 

Obj+i = Ob ® 0k 0 K /to l+1 - _ 

The hypothesis ob k+ i(f) 2 0 means that that the image of / cr i s in Ob 
does not lie in -co k+1 ■ Ob. In turn, this implies that, the image of (a - /) C ris = 
(l®a)-/ cr i s in Ob does not lie in w k+2 - Ob, and thus that obfc +2 (a-/) ^ 0. □ 
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Define a function 

ordg;: V(Gi)q -»■ Z, 
given by two defining properties: 

• If a € E, and / e V(^ 1 )q, then 

ord E (a ■ /) = ordfi(a) + ord p{f). 

• If / e V(^i) is an Og-module generator, then 


ord E (/)= 


I 1 - 

[oid E (?> e/f), 


if E is unramified over F; 
if E is ramified over F. 


Lemma 2.5.4. If f e Vp(Gi) is such that orde(/) = 1, then f does not lift 
to V tl (G 2 ). 


Proof. Let / cr ; s € i^. ris (C/) d = f I4ris(f?) ®O e ®e/f be the crystalline realization 
of/. Observe that, by Propositions l2.3.3l and l2.3Tl the hypothesis ordp(f) = 
1 implies: 

/cris,r(to) € (1 ® Te) ' Pcris(f/)\(1 ® t p) ' ^cris(^)- 

Now, one only needs to observe that Ok/ to 2 is either W/p 2 W or the 
ring Fp lg [n]/(n 2 ) of dual numbers, and that, in either case, there exists an 
isomorphism 

Vcris(<7) ®w Ok/tV 2 -»■ VdR,2 

of Ok/ w 2 Ofi-modules carrying / cr j s to the crystalline lift f 2 e VdR,2- 
This immediately implies ob 2 (/) + 0, and thus gives us the lemma. 

□ 


Theorem 2.5.5. Suppose that f e V^/Gi)- Then f lifts to Vp/Gk) if and 
only if ordp(f) > k. 

Proof. Imeediate from Lemmas 12.5.41 and 12.5.31 □ 


3. CM Shimura varieties 

In this section, we will fix a CM field E with totally real subfield F. We 
will also take (Q) alg to be the algebraic closure in C of Q and write Tq for the 
absolute Galois group Gal(Q alg /Q). 

3.1. A zero dimensional Shimura variety. For any Q-algebra R, abbre¬ 
viate Tji = Resfl/QG m . Set 

Tp = ker(Nm : Tp -*■ G m ), 

and T = Tp/Tp. The natural diagonal embedding G m •->■ Tp induces an 
embedding G m T. Set 

T so = ker(Nm E/F : Tp -* Tp). 
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The rule x i-> x/x defines a surjection 

0 '-T e -»• T so , 

inducing isomorphisms T E /T E —> T/G m —> T so . The character groups of 
these tori can be described explicitly. If for any number field M/Q we set 

Emb(Af) = {Embeddings M >-> Q alg }, 

then we have natural identifications 

(3.1.1) X*(T E )= © Z-[© 

teEmb ( E ) 

X*(T) = e X*{T e ) : a t + a- is independent of ij, 

X*(T so ) = |E a©] 6 X*(T S ) : a L + a T = 0, for all tj 
of TQ-modules. 

Using r/oo, we can identify Ernb(E) with the set of embeddings E •-+ C. 
Enumerate the real embeddings F ■-> M as to,. • ■, td-i- We will declare to 
a distinguished embedding, and we will fix, once and for all, an extension 
to e Emb(E) of this embedding. 

Define a cocharacter /iq € X*(T E ) by the formula 

(3.1.2) (1*0, M)© = 

(J otherwise. 

We will also denote the induced cocharacter of T by /to- The field of defini¬ 
tion for /to is to (E) c Q alg c C. If no confusion can arise, we will identify E 
with this subfield of C. 

Associated with ^o is its reflex norm 

. Res no _ _ ^m £ ^Q 

t(Te, Mo) : T e -» Res^/QTe-> T E . 

In our situation, this map simplifies considerably: It is simply the identity 

Tg —> T/j. In particular, the reflex norm r(T,no) :T E -^-T associated with 
/Jo e X*(T) is just the natural surjection from T E to T. 

Let r(T, /xo)e : (Q^ ®q E) x -> T(Q^) be the evaluation of this map on Q^. 
We will write r(T, /jo)a : E\ T(Q^) for its restriction to E{. We also have 
the adelic version 

r (T, no)(A f ) : -»• T(Aj). 

Fix a compact open subgroup K c T(Aj). To the triple (T,no,K) we 
can attach a finite etale algebraic stack Y# over E, which we will call a CM 
Shimura variety. This is constructed as follows. Consider the composition 

A Ie —- T{ A/) -> T(A f )/T(Q)K. 
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This factors via the global reciprocity map through the abelianization of the 
Galois group T^ = Gal(Q alg /Fl). Therefore, we obtain a homomorphism 

r K (T,n 0 ) :T E ^ T(A f )/T(Q)K. 

Now, suppose that K is neat. Then Yk will be a finite etale scheme over 
E corresponding to the T e ~set 

Y K ( Q alg ) = T(Q)\{p 0 } x T(Af)/K, 

equipped with the Galois action obtained from the map rx(T,//o)- More 
precisely, there is a natural action of T(Af)/T(Q)I\ on TR'(Q alg ) obtained 
via the right multiplication on T(Af) on itself. The action of T^; on TR'(Q alg ) 
is the one induced from that of T(Af)/T(Q)K via the map rx(T, po). For 
general K. choose a neat compact open subgroup K' c K. Then Yk will be 
the stack quotient of Yk> by the action of the finite group K/K'. 


3.2. The integral model. We will now choose a particular maximal com¬ 
pact K 0 cT(Af). Using the identification 


T so (Qp ) 


(Q P 0Q E) x 
(Q p ®qF) x ’ 


we define Kq, p ,so to be the subgroup 


(3.2.1) 


Ki 


0 ,p,so 


(7L p ® z OeY 
(TL P ®z OfY 


<= T so { Q p ). 


This will be the image of K$ in T so (Q p ). 

The long exact sequence of TQ p -cohomology associated with the short 
exact sequence 

1 -» T e T -* 1 

gives us a short exact sequence 


(3.2.2) 


(Q p ® Q E) x 

(Qp F) Nm =! 


F(Q p )-©Q;/Nm(F;)-0. 

p|p 


Here, p varies over the p-adic places of F. Now define Ko tP c T(Q p ) to be 
the largest subgroup mapping to Ko,p,so c T so (Q p ), and to ® p j p Z*/Nm(C>^) 
under (13.2.21) . It sits in a short exact sequence 

1 -*■ ^p -*■ K 0tP -*■ Kq P S o -*■ 1 . 

Finally, set K 0 = U p K 0tP 

For any compact open subgroup K c T(Af), let Tx be the normalization 
of Spec(0e) in Y K . Set Y 0 = Y Kq , and To = Tav 


Proposition 3.2.1. Let K c T(Af ) be a compact open subgroup. Suppose 
that p is a prime such that K p = Kq^, and set Oe, p = Oe ®z Z p . Then 
yR ®O e ®e,p finite etale over Oe, p ■ In particular, To a finite etale 
algebraic stack over Oe- 
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Proof. By construction, Ta' is normal and finite flat over Oe- We need to 
study the ramification of Yx ■ This is easily done from its explicit description. 

Fix a prime q c Oe lying above a rational prime p. Fix an algebraic 
closure Qp lg of Q p and an embedding r] p : Q aIg >-»■ Qp lg such that the closure 
of rj p (E ) c Q alg is Eq. This allows us to identify T#, = Gal(Qp lg /-Eq) with a 
subgroup of F E . 

Set 

Yk'.q = Yk Xspec (E) Spec (Eq) 
yK,q = Ta' x Spec (O e ) Spec(0£, q ), 

so that Yx : q is a finite etale algebraic stack over Eq. Assume that K is 
neat. Then Yx.q is the finite etale scheme over Eq associated, via the local 
reciprocity map, with the composition 

E ; r(2>o)q > T(%) - T(A f )/T(Q)K. 

Therefore, the ramification of Yk ,p over E p is controlled by 

ker (Olq^hT(Q p )/K p ). 

More precisely, the completed etale local ring of yx,q at any Fp lg -valued point 
will be the ring of integers in the finite abelian extension of the compositum 
W(¥ p is )OE,q classified by the above compact open subgroup of Of. q . 

From this, we conclude that to show that TA',q is finite etale over Oe, q, it 
is enough to show that 

r (T, p 0 ) q (O x E q) c K 0 , p . 

From the definition of r(T,p o), this subgroup is exactly the image of Of q 
under the map Te( Q p ) -*■ T(Q p ). It follows easily from the definition of 
E'o,p that it must contain this image. □ 

3.3. Automorphic sheaves I. Fix a compact open subgroup K c T(Aj). 
We will now construct some natural sheaves on Tat- 

First, suppose that we have an algebraic Q-representation N of T. Then 
we obtain a local system of Q-vector spaces 

T(Q)\{{po}xNxT(A f )/K) 

over Ta'(C). If we fix a K -stable lattice Ag c N& f , we get a local system 
Nb of Z -vector spaces underlying this local system, where the fiber of Ag 
over a point [(/ioT)] °f Ta'(A/) is tIVgn N. 

We can also associate with N the vector bundle 

W dR , c = T(Q)\ ({p 0 } x N c x T(A f )/K) 

over Ta'(C). Here, we have equipped Nc with its topological structure as a 
C-vector space. There is a canonical isomorphism 

Oy K (C) n b -»■ -^VdR,c 
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of vector bundles over Vr(C). 

Let vo be the infinite place of E underlying the distinguished embedding 
lq. Via the identification E vo = C obtained from lq, we have a homomorphism 

r(T,iio) Vn 

(3.3.1) C x = E* 0 -^ T(M) 

where r(T,/j, o)„ 0 is as defined in £ 13.11 This homomorphism equips the Tc~ 
representation Nc with a Hodge structure whose Hodge filtration is split 
by the cocharacter /Tq 1 . Since this Hodge structure is T(Q)-equivariant, it 
descends to one on the vector bundle AT d Rc, and so we obtain a Hodge 
filtration Fil*AT dR c on AT dRjC . Therefore, the tuple 

(N B ,N dR ^Fil’N dR ^Oy K{ c) » N dB:<c ) 

corresponds to a variation of Z-Hodge structures on Vr(C), which we denote 
by Alndg- The assignment of N Bdg to the pair (IV, IV^) is clearly functorial. 

Fix a prime l. Suppose that K' e c Ki is a compact open subgroup, and 
set K' = c T(Af). Then the proof of Proposition 13.2. fl shows that the 

map of integral models Vr' -*■ Vr is finite etale over Oe[v]- In particular, 
the pro-finite Os-scheme 

y e [r 1 ]= inn Mr 1 ] 

K^Kt 

is a pro-finite Galois cover of with Galois group Kf . Therefore, 

we obtain a functor from continuous Gadic representations of Ki to locally 
constant Gadic sheaves on VrIT - 1 ] via the contraction product 

Ni » N e = (Hr 1 ] X N t )/K t . 

The next result is easily checked from the definitions. 

Proposition 3.3.1. Suppose that N is a Q-linear algebraic representation 
of T and that N g c N& f is a K-stable Z-lattice. Then, for each £, there is a 
canonical isomorphism 

7Ln ® N b -> N Zt \y K ( C ) 
of l-adic local systems on 3Ir(C). 

3.4. Abelian schemes. The norm character Nrn b /q : T B Q factors 
through a homomorphism Nrn : T G m . Suppose that H is a faithful 
Q-representation of T that admits a T-invariant symplectic pairing 

-0 : H x H -> Q(Nm) 

such that the Hodge structure on H arising from the map (13.3.11) has weights 
(0,-1), (-1,0) and is polarized by if. 

For any JV-stable lattice Lfg c H& f on which if takes values in Z, the as¬ 
sociated variation of Z-Hodge structures H Bdg over Vr( C) is the homology 
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of a polarized abelian scheme over Ta',c- This abelian scheme is associated 
with a map of Shimura varieties 

Yk ,C -* Xr,m, C) 

where 2 r = dim q(H), m 2 is the discriminant of if restricted to H^, and 
X rm is the Siegel modular scheme over Z parameterizing polarized abelian 
varieties of dimension r and degree m. By the theory of canonical models, 
this descends to a map Yk -»■ X r ,m,E ° ver E, and so we obtain a polarized 
abelian scheme Ah,q -*■ Yk- 

Proposition 3.4.1. The abelian scheme Ah,q extends canonically to an 
abelian scheme Ah -*■ yK- Moreover, for any prime £, the l-adic Tate mod¬ 
ule of Ah, viewed as an l-adic sheaf over Ta'[T _1 ] is canonically isomorphic 
to 

Proof. For any prime £, it is immediate from Proposition ^.3. B and the theory 
of canonical models that the Uadic Tate module of Ah,q is canonically 
isomorphic to the restriction of to Yk- Since this sheaf extends to a 
lisse sheaf over ^'[T 1 ], it follows from the Neron-Ogg-Shafarevich criterion 
for good reduction that Ah,q extends to an abelian scheme over 
for each prime £, and hence to an abelian scheme Ah Yk, whose Uadic 
Tate module is canonically isomorphic to H% r □ 

We will now give an explicit construction of such a symplectic represen¬ 
tation. Write CM (E) for the set of CM types <f> for E ; these are the subsets 
<f> c Emb(E’) satisfying 

$ u $ = Enrb(.E). 

The total reflex algebra of E is the etale Q-algebra E ® equipped with an 
isomorphism 

Hom(E # ,Q alg ) CM (E) 

as sets with TQ-actions. It is easily checked that E^ is a product of CM 
fields, and is in particular equipped with a canonical complex conjugation 
corresponding to the involution $ on CM(E). 

There is a total reflex norm Nrrd : Te -»■ T E j, which factors through an 
embedding 

(3.4.1) Nm # :T^T El . 

This map can be described explicitly on the level of the associated character 
groups. Using the natural identification of Tig-modules of (13.1.11) . along with 

X*(T Et )= © Z-[<!>], 

$€CM(E) 

it is given by 

X*(Nm») : [$] ^ £[>]. 
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Write H N for viewed as a representation of T f j via multiplication. Via 
the map Nm** : T T e x of (13.4.11) . we can consider also as a representation 
of T. 

For € CM(F/), write for the corresponding element in 
Hom(£ # ,Q alg ) = Hom(£»,C). 

Fix a non-zero element f e E^ such that, for any <F e CM(F') with to e <F, we 
have e M >0 • i. 

The following proposition is an easy check from the definitions. 

Proposition 3.4.2. The pairing ( x,y ) i-> Tr E i /q(C x V) gives rise to a T- 
equivariant symplectic pairing 

^■.H^xH^ Q(N m) 

such that the Hodge structure on H N arising from the map (13.3.11) has weights 
(0,-1), (-1,0) and is polarized by if*. 

3.5. Automorphic sheaves II. Recall from £13.31 that we have a canonical 
functor N (AI^r c, FIFTVorjp) from algebraic Q-representations N of T to 
filtered vector bundles over Va'(C). We can interpret this a bit differently. 
Given any Fi-linear algebraic representation M of E T, the constant 
vector bundle 

{Mo} x Me x T(A f )/K 

over {po} x T(Af)/K is T(Q)-equivariant, and so descends to a vector bun¬ 
dle MdK,C over Yk( C). When restricted to a Q-linear representation N 
equipped with the filration Fi \*N E split by the cocharacter po, this functor 
recovers the hltered vector bundle associated with N. 

Proposition 3.5.1. For any E-linear representation M of E®<qT, the vec¬ 
tor bundle M&RC has a canonical and functorial descent to a vector bundle 
-ZV^dR,Q over Y E - In particular, for any Q-linear representation N, the fil¬ 
tered vector bundle (IV^c, FiFAT^c) has a functorial descent to a filtered 
vector bundle (JVdR.QjFil'IVdR.Q) overY E - 

Proof. This is essentially a consequence of Deligne’s theorem showing that 
all Hodge cycles on abelian varieties are absolutely Hodge [DMOS821 Ch. 
I]; see also [Har85l §3.15]. We sketch a proof here. 

Take H to be a faithful Q-representation of T as in § m so that the 
associated variation of Hodge structures ITndg (associated with some choice 
of K -invariant lattice in H^ f ) corresponds to a canonical abelian scheme Ah 
over Yk- We can always find such a representation; see Proposition 13.4.21 
The relative first de Rham homology of Ah over Y E gives a canonical descent 
of ITdR,c to a vector bundle -f/dR,<Q> over Y E . 

Let FT 0 (resp. IT 0 R q) be the direct sum of tensor powers of H (resp. 
-^dR,Q) an( l its dual, and let {tg} c H 0 be a collection of tensors whose 
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pointwise stabilizer in GL (H) is T. By the functoriality of the construction 
N h* iVHdg, these tensors give rise to Hodge tensors 

{t„ tdRi c}cH 0 (y K!C ,Fil 0 H^ c ). 

By Deligne’s theorem, these tensors descend to a collection 

{t/3,d R ,Q}<=^°(^,Q,Fil 0 ^ d \ Q ). 

See [KislOl Corollary 2.2.2], 

Now, the functor on 1/^-schemes carrying a Y^-scheme S to the set of 
isomorphisms 

r?: Os H —*■ HcIR.qIs 

satisfying r/(l ®tp) = 3,dR,Q> for all indices (3 is represented by a T-torsor 
Vt, q -*■ Yr- Moreover, this T-torsor is canonical and does not depend on 
the choice of representation H. This can be seen by comparing the torsors 
obtained from H and a different representation H' with the one associated 
with the direct sum H ® H'\ see the argument in |Har851 p. 177]. 

The construction of the functor M i-+ M ( \k q is now simple: We will take 
MdR,Q to be the contraction product 

M dRiQ d l f (Vt,q x M)/T, 
where T acts diagonally on Vt,q x M. 

□ 

We now want to extend this construction over the integral model Tx- We 
will do this using integral p-adic Hodge theory. Let q c Oe be a prime lying 
above a rational prime p. Fix an algebraic closure Fq lg for F q and also an 
algebraic closure Frac(VF) alg of the fraction field Frac(VF) of W = !F(F q lg ). 
Choose an embedding Q alg •-> Frac(VF) alg inducing the place q on E = lq(E). 

Let O y be the completion of Tx at an F q lg -valued point y. Write W q for 
the ring of integers in the extension of Frac(W) generated by the image of 
Eq. Let 

Iq = Gal(Frac(W) alg /Frac(W q )) 

be the absolute Galois group of Frac(H / q ). If Qp lg c Frac(VF) alg is the 
algebraic closure of Q p , then / q is identified with the inertia subgroup of 
r Eq = Gal(Q p lg /Eq). Fix an embedding of Frac(H / q )-algebras Frac(O y ) >-> 
Frac(!T) alg , and let 

T y = Gal(Frac(W) aIg /Frac(Cg) 

be the absolute Galois group of Frac (O y ). Then is a finite index subgroup 
of Iq. 

If N p is a continuous p-adic representation of K p , we obtain from it a lisse 
p-adic sheaf N p over Y E . and restricting further to Spec(Frac(O y )) gives us 
a continuous representation of Y y , which we will denote by N P , y - 
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Proposition 3.5.2. Suppose that N p is a I\ p -stable Z p -lattice in an alge¬ 
braic Q p -representation N ofTq p . Then the T y -representation K Piy \jp~ l ] is 
crystalline. 

Proof. This is essentially due to Rapoport-Zink RZ96 . We give some details 
of the proof. 

Consider the map 

(3-5.1) T y ^lf>^Of A ^T E {%), 

where the isomorphism in the middle is the reciprocity isomorphism of local 
class field theory. 

Via the map (13.5.11) . given any algebraic Q p -linear representation M of 
T e and a AT p -stable Z p -lattice M p c M, we obtain, in a functorial way, 
a continuous Z p -linear representation M p of Ty. The associated Q p -linear 
representation M" p [p _1 ] does not depend on the choice of the lattice M p . 

In particular, since any representation of T is naturally a representation 
of T e , we obtain a functor from Q p -linear algebraic representations of T to 
continuous Q p -representations of T y . Applying this functor to N, we obtain 
a continuous Q p -representation of Ty. Using the description of the functor 
M p M p above, as well as of the Q-structure on (Q alg ) in m it is easy 
to verify that this representation is precisely N ppj [p~ ] ]. 

Therefore, to finish the proof, it is enough to show that, for any Q p - 
representation N of T E , lV p b _1 ] is a crystalline representation of T y . It 
suffices to do this for a single faithful representation of T E : Indeed, any 
other representation will yield a Galois representation that is a subquotient 
of tensor powers of the Galois representation associated with the chosen 
faithful representation of T. 

We choose our faithful representation to be the tautological representation 
Hq of T e obtained from its multiplication action on the Q-vector space E. 
We have 

#o,Q p = © #0,q', 
q'l p 

where q' ranges over the p-adic primes of E, and 77o,q' is simply TV viewed 
as a representation of T Et q . 

By the explicit description of (13.5.11) . we find that the associated repre¬ 
sentation of T y also admits a direct sum decomposition 

#0,pb©=©i*0,eM'[rt 

q'|p 

where T y acts on Ho,et,q y ia the reciprocity isomorphism / q —*■ Of. of local 
class field theory, and trivially on Ho,et,q' fo r q ^ q x - 

Therefore, it is enough to show that 77o, e t,qb _1 ] is crystalline. But, by the 
construction of the local reciprocity isomorphism using Lubin-Tate theory, 
this is simply the rational Tate module T nE (Qq)[p~ 1 ], where is the Lubin- 
Tate group over O e _ q associated with some choice of uniformizer n e E„. □ 
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Remark 3.5.3. From the proof above, we see that the homomorphism 

r p -»■ T(Q p ) 

giving rise to the functor N p i-> N py factors through the image of E* in 
T(Q p ). Let Tq c Tq p be the image of Res^ /q G m . Then, if we set 

Kq = K p nT Eq (Qp), 

we actually obtain a functor from ILq-stable lattices in algebraic Q p -representations 
of Tq to continuous r p -representations on finite free Z p -modules. When re¬ 
stricted to /\ p -stable lattices in algebraic representations of Tq p , this recovers 
the functor N p h* iV Pj2/ considered above. 

For the next result, we slightly expand the usual notion of an T-crystal 
over W: For us, it will be a finite free IF-module Jq equipped with an 
isomorphism Fr* Jo[p _1 ] —> Jq [p~ 1 ] of TT-modules. Also a filtered finite free 
module over O y is a finite free module J over O y equipped with a filtration 
Fil* J by O y -linear direct summands. 

Corollary 3.5.4. Let M be an algebraic Q p -representation of Tq, and let 
M p c M be a K„-stable Z p -lattice. Then we can associate with M p an F- 
crystal M C r\s.y over W and a filtered finite free O y -module MdR,o y with the 
following properties: 

(1) The assignments M p i-> M cr - 1S) y and M p M d Ro y are functorial in 
M p . 

(2) If M p , y is the crystalline T y -representation associated with M p via 
Remark \3.5.3l then we have canonical comparison isomorphisms 

-Scris M-p,y * B c ris ®W AT cr is,yi 

BdR Mp,y BdR AfdR.Oy- 

(3) If M p y = T P (TL) is the p-adic Tate module of a p-divisible group Ti 
over O y , then, in the notation of Theorem \2.1.1l we have canonical 
isomorphisms 

M CT i Sty —>■ B(% v )(VF); 

M dR , y ^B(H v )(O y ) 

of F-crystals over W and filtered finite free O y -modules, respectively. 

Under these isomorphisms, the comparison isomorphisms in asser¬ 
tion (2) are carried to the canonical p-adic comparison isomorphisms 
for abelian schemes over O y . 

Proof. Choose a uniformizer n y e O y , and let £(u) e W[u\ be its associated 
monic Eisenstein polynomial. Then, by the theory in £12.11 we obtain a 
functor: 

Mp H+ m(Mp) d = f Tl(Mp : y) 

from /iq-stable lattices in algebraic Q p -representations of T q to Breuil-Kisin 
modules over O y (associated with the uniformizer ir y ). 
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Reducing <p*Wl(M p ) mod u gives us an R-crystal M cr j S)2/ over W. Re¬ 
ducing it mod £{u) gives us a finite free O^-module MdR.y The existence 
of the canonical comparison isomorphisms in assertion (2) follows from the 
properties of the functor 9Jt as explained in § 12.11 
In particular, 

AldR..Oy\p ] = Frac(C^) ^PracfVF) L?cris(A Pp^y) 

has a canonical filtration, and we will equip MdR,o y with the induced fil¬ 
tration. 

The constructions are clearly functorial in M p , and their compatibility 
with Dieudonne theory as stated in assertion (3) follows from Theorem 12.1.11 

□ 


Proposition 3.5.5. Fix an algebraic Q-representation N of T and a In¬ 
stable lattice IVg c N& f . Then we can canonically associate with this pair a 
filtered vector bundle (IVdR, Fil*IVdR) over Yk- Given a prime q c Oe, we 
can also canonically associate with the pair an F-crystal N CI i s over Ta'.f,,- 
These constructions have the following properties: 

(1) They are functorial in the pair (N,N^). 

(2) The restriction of A^r to Yk is canonically isomorphic to N^q as 
a filtered vector bundle. 

(3) If N = H is as in Proposition \3.fil\ with associated abelian scheme 
Ah over Ye, then the filtered vector bundle H^r is canonically iden¬ 
tified with the relative first de Rham homology of Ah ■ Moreover, the 
F-crystal H c r i s over Ta',f, is canonically isomorphic to the dual of 
the Dieudonne F-crystal associated with the restriction of Ah over 
Ta',f, • 

(4) If y e Ta'CT^ 8 ); then the evaluation of IVdR, on Spec O y is canoni¬ 
cally isomorphic, as a filtered free O y -module, to the filtered module 
NdR.Oy obtained from Ni p via Corollary \ 3. 5.f\ 

(5) With y as above, the evaluation of N cr - ls on Spf IR(Fq) ; viewed as 
a formal divided power thickening of y, is canonically isomorphic to 
the F-crystal N cr i Sty , obtained from N% p via Corollary \3. 5. 41 


Proof. Fix a representation H of T as in Proposition 13.4.11 and a lattice 
Hz c H such that c H& f is A"-stable, giving us an abelian scheme 
Ah -*■ Yk- Let HdR be the first relative de Rham homology of Ah over 
Yk- As in the proof of Proposition 13.5.11 if we fix tensors {fg} c H® , whose 
pointwise stabilizer is T, we obtain canonical global sections {tg dRQ} of 

Fil°^dW 

We can assume that each tp actually lies in H~. Then, given a prime 
p, the p-adic etale realizations of these invariant tensors give us canonical 
global sections {tg iP } of H® over Yk [p ~ 1 ]■ 

Fix a prime q c Oe lying above p , and a point y e T , A'(Fq lg ). Then we 
obtain T^-invariant tensors {tp )P) y} c H p y . 
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From Corollary 13.5.41 we obtain canonical tensors {t/3, C ris,y} c y and 
{td.dR.Oy } c y suc ^ that the comparison isomorphisms 

-®cris > 4?cris ®W(F q ) H cr \ S y ; -Bjr FZ p,y > ^dR ®O y FZdR,0,, 

carry 1 <g> to 1 ® t^, C ris,j/ and 1 ® tg ;d R.O, f - respectively. 

By a theorem of Blasius-Wintenberger |Bla94j . the restriction of tp^R,o y 
to Frac(O y ) is precisely the evaluation of the de Rham tensor tg, dR,Q on 
Spec Frac(O y ). Therefore, we find that tg^R.Q extends to a section t^dR of 
H® k over y K . 

This also shows that, for any /ip-stable lattice N p c Nq p in an algebraic 
Q-representation N , there is a canonical isomorphism 

N dR,O y [P X ] ->• -^dR,Qls P ec(Frac(O a )) 

of hltered vector spaces. Indeed, as in the proof of Proposition 13.5.11 both 
constructions arise from the T-torsor over Frac(O y ) parameterizing trivial- 

izations Frac(0 y ) ® H —» -HdR.OytzF 1 ], which carry 1 ® fg to tp t dR,o y , for 
each index j3. 

In particular, using the functoriality of the construction N p i-> NdR,O v i 
one deduces that there is a canonical hltered vector bundle NdR,q over 3h<\q, 
whose restriction to TA',q[p X ] is isomorphic to the restriction of NdR,Q, 
and whose evaluation at Spec O y , for any point y e TA(Fq Ig ), is the lattice 
NdR,o y ■ 

The construction of the functor N p h* AI cr ; s proceeds similarly, but we 
only give it in the case where Tfc.q is etale over Oem, which will suffice for 
our purposes. By a descent argument, we can assume that K is neat, so 
that yx ,q is a scheme over (9/y q , and is in fact a disjoint union of schemes 
of the form y' = Spec Oe', where E'/E„ is a finite, unramified extension. 

Let F 7 be the residue held of Oe>- Fix an embedding F ^ F q lg : This 
determines a point y e 3F(Fq lg ). The construction in Corollary 13.5.41 gives 
us an T-crystal N C ris,y over bF(F q lg ). It is now enough to show that it has 
a canonical descent to an T-crystal N C ris,¥' over TK(F 7 ), which recovers the 
Dieudonne T-crystal of Ah when N = H. This can be deduced from the 
functoriality of Kisin’s functor 911. Alternatively, it can also be deduced by 
observing that Kisin’s functor is already dehned for crystalline Galois rep¬ 
resentations of Gal(Qp lg /F' 7 ), as is its compatibility with Dieudonne theory 
of p-divisible groups, and we can therefore use it to produce T-crystals over 
VF(F 7 ), and not just over IF(F q lg ). 

It remains to globalize the construction of the de Rham realization. Let D 
be the product of the hnitely many rational primes at which E is ramihed, or 
at which we have K p + Kq p . Note that T extends to a torus over Z[D -1 ]. We 
will denote this extension again by T. From the construction of the compact 
open subgroup Kq p in § 13.11 we find that, for p \ D, K p = /<o,p = T(Z p ). 
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Moreover, for each such p, we can choose the tensors {tp} so that their 
stabilizer in GL(H Z(p) ) is T Z(p) . 

We can now consider the functor on TA'f-D^-schemes carrying S to the 
set of isomorphisms 

£ : Os ®z Hz -> i/dR|s 

of vector bundles over S satisfying £(1 ® tp) = tp^ r, for all indices j3. Since 
T is a reductive group over Z[D _1 ], it follows from jKislOl Corollary 1.4.3] 
that this functor is represented by a T-torsor Vt over Just as in 

the proof of Proposition 13.5.11 this functor is independent of the choice of 
data ( H,Hi ), and we obtain from it a canonical functor 

from algebraic representations of T on finite free Z[.D _1 ]-modules to filtered 
vector bundles over [Zi> — 1 ], which has properties (2), (3) and (4). 

Given an arbitrary A'-stable lattice IVg c N& f , by enlarging the set of 
primes appearing in the factorization of D if necessary, we can assume 
that arises from an algebraic ZfD -1 ^representation of T, and so 

the desired filtered vector bundle (iV dR , Fil*iV dR ) is canonically determined 
outside of the primes dividing D. For a prime (| c dividing D, it is 

determined by the condition that its restriction to is isomorphic to 

-WdR.q- 

□ 

To summarize the results of § EJ and of this subsection, from a pair 
( N , JVg) as in the Proposition above, we have obtained the following real¬ 
izations: 

• -^Hdg hr the category of variations of Z-Hodge structures over Yk( C); 

• lV dR in the category of filtered vector bundles over Tat; 

• For each prime £, N( in the category of lisse Aadic sheaves over 

Mr 1 ]; 

• For each prime q c Oe, Ncris hr the category of F-crystals over 
TAT,F q • 

For ? = Hdg,dR, £, cris, let End(lV?)Q be the endomorphism algebra of 
AT? in the appropriate isogeny category; this is a finite dimensional algebra 
over Q?, where Q? = Q if ? = Hdg; Q? = E if ? = dR; Q? = Q^, if ? = l\ 
and Q? = Q p if ? = cris. This algebra depends only on N and not on the 
choice of R-stable lattice IVg. Let Aut°(AT?) be the algebraic group over <Q>? 
associated with the group of units in this algebra. 

Fix a representation H as in Proposition 13.4.11 and a it-stable lattice in 
H, and let Ah be the associated abelian scheme over Tat- Let Aut°(^4^) be 
the algebraic group over Q obtained as the group of units in the Q-algebra 
End(M//)Q. 


Proposition 3.5.6. 
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(1) There is a canonical map of algebraic groups, 

9?(N):Tq 7 Aut°(IV ? ) 
functorial in the representation N. 

(2) There is a canonical embedding T Aut°(*4tf) whose homological 
realizations induce the maps 9?(H) for the representation H. 

Proof. The simplest way to see this is to use the torus 

— dpf 

T = T e . 

In complete analogy with the construction of y E , given a compact open 
K c T(Af), we can associate with it and the cocharacter /jq an arithmetic 
curve yx over O e . If the image of K in T( Af) is contained in K , then we 
obtain a finite map 

y R - y K 

of algebraic O^-stacks. 

We also obtain realization functors ( N, W?) h* IV? over Tjj- Here, N is 
an algebraic representation of T and IVg c N. 

We apply this to the representation Hq and the lattice H Q g from the 

proof of Proposition 13.5.21 to obtain sheaves i?o,? over y^. Since the in¬ 
action on Hq is T-equivariant, the sheaves just obtained are ill-linear objects 
in the appropriate isogeny category. We now recover Tq, as the group of 
.E-equivariant automorphisms 

f Q? = Autg(iT 0j? ) c Aut°(iT 0 ,?)- 

From this, and the fact that Hq is a faithful representation of T, it is not 
hard to deduce that this actually gives us a canonical map 

Tq, -+ Aut°(iV?), 

for every T-representation N. We obtain the map from assertion (1) by 
specializing now to representations of T that factor through T. 

As for assertion (2), since abelian varieties over C are a fully faithful 
subcategory of Z-Hodge structures, the Betti realization 9 E (H) corresponds 
to a map 

T -* Aut°(Aff,y(c))- 

Since the etale realizations of this map descend over Y, it is easily checked 
that the map itself descends: 

T -»■ Aut°(^4^y). 

Our desired embedding is just the composition of this one with the inclu¬ 
sion 


Aut°(^lij i y) ^ Aut°(Aff)- 


□ 
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3.6. The standard representation and its realizations. We will now 
consider a particular representation of T. As in the proof of Proposi¬ 
tion 13.5.21 we have the tautological representation Hq of Te acting on E 
via multiplication. Let c: E -> E be complex conjugation, and in the nota¬ 
tion of 32.31 set: 

Vq = V{H o, c) = {x e End(iLo) : %(a ■ h ) = c(a)x(h ), for all a e E}. 

This is a T^-subrepresentation of End(iLo) on which the action factors 
through T, and in fact through T so . We call this the standard represen¬ 
tation of T. 

The ring of integers Oe c E gives a natural lattice iLo,z c Ho, and hence 
a lattice 

Vb,z = n^o,z,c)c Vb. 

Fix a prime q c Oe, an algebraic closure Frac(W) alg of Frac(W) (here, 
W = W(Fq lg )), and an embedding Qp lg >-»■ Frac(W) alg inducing the place q 
on E = lq{E). Let Qp lg be the algebraic closure of Q p in Frac(W) alg . We 
can now view lq as an embedding E q >-> Qp lg . 

Fix a point y e TA'(Fq lg ). We can now describe the E-crystal Vo.cris,?/ 
quite explicitly. Fix a uniformizer 7Tq e E q . and let Q q be the Lubin-Tate 
group over Oe,c\ associated with this uniformizer. Let 

Ho™ = 0(<? q )(W) 

be the Dieudonne E-crystal over Frac (W) associated with Q q . The Oe , q - 
equivariant structure on Q q induces an O^^-equivariant structure on Ho )Cr i Si q. 
For a prime q'cO E lying over p with q' + q, let 

-Ho,cris,q' = W ®Q p Oe, q' 

be the rank 1 W Eq'-module equipped with the constant E-isocrystal 
structure arising from the automorphism Fr ® 1. 

Now, set 

Ho,cris ,y = 03 ^ Ei rr -^y ■ 

q'l P 

From the proof of Proposition 13.5.21 we find that this is precisely the crys¬ 
talline realization obtained from the tautological representation Hq of Te, 
equipped with the standard O^-stable lattice. 

The inclusion Vo End(Ho) now gives us identifications: 

^0,cris,y = E(-H(),cris,2/ ? End(.t/o,cris,y) • 

In particular, the decomposition of .ffo,cris,y gives us a decomposition: 

^0,cris,y = © V 0 ,cris,p'5 
p'l v 

into E-crystals, where p' ranges over the primes of Of lying above p, and 
where 

^0,cris,p' - F(Ho iCr i s ,p',c) c End(Ho iC ris,p')- 
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Here, 

^A).cris.p / — (J) Ho.cris.q' 

q'|p' 

is an O^p'-linear T-crystal over W. 

Proposition 3.6.1. Let p c Op be the prime lying under q. Then the 
following statements are equivalent: 

(1) p is not split in F. 

(2) The space of ip-invariants V^ c ~j s is non-zero. 

(3) The natural map 

Frac(W) V Q % p -* F 0 p[p _1 ] 

is an isomorphism. 

(4) The natural map 

Frac(Ty) ® Zp V^y ^[p' 1 ] 
is an isomorphism. 

Proof. If p is split in E, we have: 

F^0,cris,p — F^0,cris,q ® F^0,cris,q c - 

Moreover, Vo,cris,p = H(-Ho,cris,p) c) consists of pairs ( xi,x- 2 ) of Op^-linear 
maps 

%l ■ F^0,cris,q c —> -Ho,cris,q> %2 • F^0,cris,q “* F^0,cris,q c • 

Therefore, the space of (/^-invariants consists of </?-equivariant such pairs. 
However, by definition, Ho,cris,q c is generated by its ^-invariants, while 
-Ho,cris,qj being the Dieudonne F-isocrystal associated with a Lubin-Tate 
group, has no non-zero (^-invariant elements. Thus we conclude that V^crisp 
has no non-zero elements. 

On the other hand, suppose that p is not split in E. Then we can identify 
Foxris.p = V (-ffo, cr i s ,p,c) with the space V cris (G q ) defined in £J23J 

In Propositions 12.3.31 and 12.3.41 we described the structure of ^-invariants 
in this space explicitly, and in particular showed that they generate the 
whole space over Frac(IT). 

From these considerations, the equivalence of statements (1), (2) and (3) 
of the proposition are immediate. The equivalence of these statements with 
(4) now follows from the fact that, for q' t q, iTo,cris,q' is generated by its 
(^-invariants. □ 

Fix a representation H as in Proposition 13.4.11 and a it-stable lattice in 
H , and let Ah be the associated abelian scheme over Tr- 

Proposition 3.6.2. Fix a prime q c Oe above a rational prime p and let 
p c Of be the prime lying under it. The following equivalences hold: 

p is not split in E <=> Ah, v is supersingular for all y € 
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Proof. Fix a point y € ). By Proposition 13.4.ll the Dieudonne F- 

isocrystal associated with Ah, v is isomorphic to the F-isocrystal H cr i Sj2/ . 

Now, the slopes of the F-isocrystal H CT - 1 S) y[p _1 ] are determined by its 
Newton cocharacter 

i '(H) : B -+ Aut° (H criSt y), 

where B is the pro-torus over Q p with character group Q, and Aut° (Ff cr ; S)2/ ) 
is the algebraic group of Q p obtained as the group of units in the Q p -algebra 
End p (iF cr is,j/)Q of (^-equivariant endomorphisms of H C r\^,y['P~ ] ]• 

Lemma 3.6.3. For any Q-representation N of T, the Newton cocharacter 
v(N) for -ZVcrig^l jr 1 ] fa ctors through the map 0 cris (N ) : Tq p -» Aut° (AT criS)2/ ) 
from Proposition 1 3.5. (A 

Proof. The Newton cocharacter is functorial in N. If Hq is the tautological 
representation of T R , then it is clear from the construction of iTo,cris,y in 33.61 
that its slope decomposition is stable under the E Q p -action, and hence 
that the slope cocharacter for iTo,cris,y[p _1 ] factors through the commutant 
in Aut° (H cr i S: y) of E ®qQ p . This is precisely the torus Te,q p - Combining 
this with the fact that any Q-representation of T, when viewed as a repre¬ 
sentation of Te, appears as a subquotient of a tensor power of Hq, one easily 
deduces the lemma. □ 

Now, we find from (13.6.11) that Vb^iis^ljF 1 ] is generated by (/^-invariants, 
and hence that p(Vo) is trivial, if and only if p is not split in E. Since the 
quotient T so of T acts faithfully on Vo, this implies in turn that p is not split 
in E if and only if v(F[) factors through 

G m = ker(T -+ T so ). 

This is the case if and only if n(F[) is constant, and hence if and only if 
Afi.y is super singular. 

□ 

4. Orthogonal Shimura varieties 

Let (V,Q) be a quadratic space over Q of signature (n, 2), with n > 1. 
Fix a maximal lattice L c V, and let L v be the dual lattice. As in the 
introduction, the discriminant of L is Dj j = [L v : L], 

4.1. The GSpin Shimura variety. Let C(V) be the Clifford algebra of 
(V, Q), with its Z/2Z-grading 

C(V) = C + (V)®C-(V). 

Recall from jMadaj that the spinor similitude group G = GSpin(V) is the 
algebraic group over Q with 

G{R) = {g € C + (V R ) X : gV R g~ l = V R } 

for any Q-algebra R. It sits in an exact sequence 

1 G m ->■ G SO(V) -> 1, 
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where g • v = gvg 1 . Let v : G -> G m be the spinor similitude. 

The group of real points G(M) acts on the hermitian symmetric domain 

(4.1.1) V = {ztV c :[z,z] = 0 . [2,j]<0}/C x cP(L c ) 

through the morphism G -»■ SO(U). There are two connected components 
T> = T> + u T>~, interchanged by the action of any 7 e G(M) with 1 /( 7 ) < 0 . 

The pair ( G,V ) is a Shimura datum. More precisely, given a class z eD, 
we can choose a representative 2 of the form x + iy , where i,j/ € 14 are 
mutually orthogonal vectors satisfying Q(x ) = Q(y ) = -1. Then we obtain 
a homomorphism 

h z :§> = Resc/RG m -*■ Gr 

satisfying h z (i ) = xy e G(M) c G + (U)j^. In this way, we can identify 2? with 
the G(R)-conjugacy class of for any zeP, The reflex field of ( G,V ) is 

Q. 

Recall that we have fixed a maximal lattice L c V. Define a compact 
open subgroup 

(4.1.2) K = G(Af) n C(L) X c G(A f ). 

Here, we have set L = Lg. The image of K in SO(R)(Aj) is the discriminant 
kernel of L; this is the largest subgroup of the stabilizer of L that acts 
trivially on L v /L. 

By the theory of canonical models of Shimura varieties, we obtain an n- 
dimensional algebraic stack M over Q, the GSpin Shimura variety associated 
with L. Its space of complex points is the n-dimensional complex orbifold 

(4.1.3) M(C) = G(Q)\P x G(A f )/K. 

Proposition 4.1.1. Suppose that one of the following conditions holds: 

• n > 2; 

• Dl is square-free. 

Then the complex orbifold M( C) is connected. 

Proof. The kernel of v ■ G -> G m is the usual spin double cover of SO(R), 
and hence is simply connected. Using strong approximation, it follows that 
the connected components of M(C) are indexed by Q* 0 \Af/i/(K), and so 
the claim follows once we prove that v(Kf) = Z? for every prime L When 
contains a hyperbolic plane, the assertion is clear, so we only need to 
consider the case where Vq e is anisotropic of dimension at least 3, and is 
such that ( 2 does not divide Dl- In this case, the result can be deduced 
from the classification of maximal anisotropic lattices over Z f, see fShHol 
§29.10], □ 

Given an algebraic representation G -* Aut(IV) on a Q-vector space N, 
and a K -stable lattice A r g c N& f , we obtain a Z-local system Nb on M(C) 
whose fiber at a point [(z, g)] e M(C) is identihed with N n gN^. The 
corresponding vector bundle N c ]R.m(C) = Ojif(C) ® Nb is equipped with a 
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filtration Fil*iV dR)M (Q, which at any point [(z,g)] equips the fiber of Nb 
with the Hodge structure determined by the cocharacter h z . This gives us a 
functorial assignment from pairs (IV, IVg) as above to variations of Z-Hodge 
structures over M(C). 

Applying this to V and the lattice L c V& f , we obtain a canonical variation 
of polarized Z-Hodge structures (Vb, Fil*V^ RA f(C))- For each point z of 
(14.1.11) the induced Hodge decomposition of He has 

V^ 1 ' 1 ) = Cz, V^ _1,1) = C z, H c (0,0) = (Cz + C z) 1 . 

It follows that Fil 1 Vd R] A4(C) is an isotropic line and Fi^VdR^C) is its an- 
nihilator with respect to the pairing on VdR^C) induced from that on L. 

Let H be the representation of G on C(V) via left multiplication. It is 
equipped with a it-stable lattice fig = C(L ) c H& f . From this, we obtain 
a variation of Z-Hodge structures (JTb, Fil 'This variation has 
type (- 1 , 0 ), ( 0 ,- 1 ) and is therefore the homology of a family of complex 
tori over M(C). This variation of Z-Hodge structures is polarizable , and so 
the family of complex tori in fact arises from an abelian scheme Ac -*■ Me- 
For all this, see [AGHMI51 (2.2)]. 

By (Madal §3], this abelian scheme descends to an abelian scheme A -> M. 
We call this the Kuga-Satake abelian scheme. It is equipped with a right 
G(L)-action and a compatible Z/2Z-grading 




The first relative de Rham homology sheaf of A gives a canonical descent 
of iTdR,c over M as a filtered vector bundle with an integrable connec¬ 
tion. We denote this descent by JidR. Using it, and Deligne’s results on 
absolute Hodge cycles on abelian varieties, we obtain a canonical tensor 
functor from algebraic Q-representations N of G to filtered vector bundles 
(IVdR, Fil*iVdR,) over M, which descends the already constructed functor to 
objects over Me- 

Similarly, if we fix a lattice TVg c , then, for any prime £, the K-adic 
sheaf N(:.c = Z^ g> Nb over M(C) descends canonically to an f-adic sheaf 
Nf over M. When N = H, H£ is canonically isomorphic to the f-adic Tate 
module of A. 

For all this, see [Madal (4.15)]. 

In particular, for ? = B, £, dR, the G-equivariant embedding V End^jy) (H) 
determined by left multiplication gives rise to embeddings of homological re¬ 
alizations 

(4.1.4) VWEnd C (l)(H?). 

For x e V of positive length, define a divisor on V by 


V(x ) = {z eV : z 1 x}. 
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As in the work of Borcherds [ Bor 98], Brainier [Bni02] . and Kudla [Kud04] . 
for every m e Q>o and g e L v /T we define a complex orbifold 

Z(m,M C)= U r ff \( U V(xj). 

gzCm\G(Af)/K ' x€n g +L g 
Q(x)=m 

Here T 9 = G(Q) n gKg , L g c V is the Z-lattice determined by L g = g • L, 
and 

g g = g*g^L v g /L g . 

By construction Z(m,g)( C) is the space of complex points of a disjoint 
union of GSpin Shimura varieties associated with quadratic spaces of sig¬ 
nature (re - 1,2). As such, it has a canonical model Z{m,g) over Q, and 
the obvious map Z(m,g)( C) -*■ M(C) descends to a finite and unramified 
morphism 

(4.1.5) Z(m,n)^-M. 

Using the complex uniformization, one can check that, etale locally on the 
source, (14.1.511 is a closed immersion defined by a single equation. Thus 
(|4.1.511 determines an effective Cartier divisor on M, which we call a special 
divisor. Via abuse of notation, we will usually refer to Z{m,g) itself as a 
special divisor on M. 

4.2. Integral models in the self-dual case. In this subsection, we will 
fix a prime p such that the lattice L is self-dual over Z( p ), and abbreviate 

L( p ) = T Z(p) . 

The group G( p ) = GSpin(L( p )) is a reductive model for G over Zq,). 

The goal is to show that a large part of the results of [Madai §4] also work 
without the assumption p > 2. 

Consider the Kuga-Satake abelian scheme A -»■ M. Its homological real¬ 
izations are the sheaves associated with the representation H of G on C(V) 
via left multiplication, and the lattice = C(L ) c 

We can choose a G-invariant symplectic pairing ip : H x H -> Q(re) such 
that induced pairing on the Betti realization Hb is a polarization of varia¬ 
tions of Hodge structures; see [AGHM151 (2.2)] for details. This gives rise to 
a polarization A on which descends to a polarization of A over M of 

degree m, where m 2 is the discriminant of the lattice H g in the symplectic 
space Hii l f . In this way, we obtain a map 

M -*■ X 2 n+2 )TO ,Q, 

which is finite and unramified. Here, X 2 n +2 m is the moduli stack over Z of 
polarized abelian schemes of dimension 2 n+2 and degree m. 

Definition 4.2.1. Given an algebraic stack X over Z( p ), and a normal 
algebraic stack Y over Q equipped with a finite map j'q : Y -*■ Xq, the 
normalization of X in Y is the finite A-stack j : V -* X, characterized by 
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the property that j*Oy is the integral closure of Ox in (jq)*CV- It is also 
characterized by the following universal property: given a finite morphism 
Z -> X with Z a normal algebraic stack, flat over Z( p ), any map of Tig-stacks 
Zq -*■ Y extends uniquely to a map of T-stacks Z -*■ y. 

We now obtain an integral model A4( p ) for M over Z( p ) by taking the 
normalization of X 2 n +2 m in M. By construction, the Kuga-Satake abelian 
schemes extends to a polarized abelian scheme 

A 

Theorem 4.2.2. The stack M(p) is smooth over Z( p ). 

Proof. When p> 2, this follows from the main result of |KislOj . The general 
case is shown in |Madl5t Theorem 3.10]. □ 

Remark 4.2.3. Fix a prime l 4- p. Recall from 34.II the functor which assigns 
a lisse Aadic sheaf Ng over M to each Kg -stable Z^-lattice Ng c Nq, in an 
algebraic representation N of G. This functor extends (necessarily uniquel) 
to lisse Aadic sheaves over _M( p ), characterized by the property that it carries 
H% t to the f-adic Tate module Hg of A. Indeed, it is enough to show that 
the induced functor to lisse (Q^-sheaves over M extends over M( p ). As 
shown in [Madal (4.11),(7.9)], this functor is associated with a canonical 
etale G(Q^)-torsor over M, which admits an extension over M( p ). 

We also have a canonical functor 
(4.2.1) N~N dR 

from algebraic Q-representations of G to filtered vector bundles over M 
equipped with an integrable connection. The following result is [Madlhl 
Proposition 3.7]. 

Proposition 4.2.4. The functor (14.2. Tj) on algebraic Q-representations of 
G extends canonically to an exact tensor functor 

N~N dR 

from algebraic Z ( p )-representations N of G^ to filtered vector bundles on 
A4( p ) equipped with an integrable connection. When N = H( p \, the associated 
filtered vector bundle with integrable connection is simply H dR , the relative 
first de Rham homology of A -* 

In particular, from the representation T( p ), we obtain an embedding 

VdR ^ End c(L) (iJ dR ) 

of filtered vector bundles over M( p ) with integrable connections, mapping 
onto a local direct summand of its target, and extending its counterpart (14.1.41) 
over M. 

We now expand our definition of an F-crystal over t° mean a 

crystal of vector bundles N over M( p )$ p equipped with an isomorphism 

Ft *N -A N 
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in the Q p -linear isogeny category associated with the category of crystals 
over -M (p )£ p - 

Write M p for the formal completion of _M( p ) along The relative 

hrst crystalline homology of A over M( p ) t f p gives an E-crystal H cr ; s over 
A4( p )j p whose evaluation on A4 P is canonically isomorphic to the p-adic 
completion of iTdR as a vector bundle with integrable connection. 

Proposition 4.2.5. There is a canonical functor N W cris from algebraic 
Zq ,)-representations of G ( p ) to F-crystals over ] F , which recovers H cv - ls 

when applied to H ( p ), and whose evaluation on the formal thickening A4 P is 
canonically isomorphic to the p-adic completion of IVdR as a vector bundle 
with integrable connection. 

In particular, there is a canonical F-crystal V^ r i s over A4^p p , whose 
evaluation on AA P is canonically isomorphic to the p-adic completion o/VdR 
as a vector bundle with integrable connection. It admits a canonical embed¬ 
ding 

Pr:ris End ^j ^(H cr j s ) 

mapping onto a local direct summand of its target, and compatible with the 
embeddings of de Rham realizations. 

Proof. See Proposition 3.9 of |Madl51 . □ 

4.3. Special endomorphisms in the self-dual case. By Proposition l4.2.41 
and Proposition 14.2.51 the embedding of G (^-representations L( p ) ^ H ( p ) 
gives rise to embeddings 

(4.3.1) V ? -End c(L) (if ? ) 

for ? = B,^,dR, cris that map onto local direct summands of their targets. 

If ? = B, let 1 b be the locally constant sheaf Z over A4(C); if 1 = 1, 
let If be the lisse f-adic sheaf over A4( p )[f -1 ]; if ? = dR, let IdR be 
the structure sheaf Om ( p) , equipped with the connection a ^ da and the 
one-step filtration concentrated in degree 0; and, if ? = cris, let l cr i s be the 
structure sheaf over F p /^p) cr is! equipped with its natural structure of 

an F- crystal. 

For any section / of V?, we have 

f ° f = Q(/) - id 

under composition in End C ^(H?). Here Q(f ) is a section of 1?. The 
assignment f Q(f ) is a quadratic form on V? with values in 1?. The 
associated bilinear form is non-degenerate when ? = dR or cris. 

For any A4( p )-scheme S, we dehne an endomorphism x e End^^^H^) 
to be special if all its homological realizations land in the images of the 
embeddings (14.3.11) . More precisely, we require the Betti realization over Sc 
to lie in Vg, the f-adic realizations over S'fG 1 ] to lie in Vi, the crystalline 
realizations over S^p to lie in V), r i s , and the de Rham realizations to lie in 
VdR- 
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We will write V(Ag ) for the space of special endomorphisms. 

We now study the deformation theory of a special endomorphism x. In 
what follows, we will frequently cite results from [Madal §5], where there is 
a standing assumption that p is odd. However, the proofs there do not use 
this assumption, as the reader can easily verify. 

Suppose that S = Spec(O), with O a p-adically complete Z( p )-algebra. It 
will be useful to have a notion of special endomorphisms for the p-divisible 
group As[p°°] . We will call an endomorphism x e Endcm^sfp 00 ]) special 
if its crystalline realization lands in the image of the embedding (|4.3.1I) for 
? = cris. We will write H(ns[p°°]) for the space of special endomorphisms. 

Suppose that we have a surjection O -*■ O of p-adically complete Z( p )- 
algebras, whose kernel I admits nilpotent divided powers. Suppose that 
we have a map y : Spec(O) ->■ -M.( p ) and let y : Spec(O) -> A4( p ) be the 
restriction to Spec(O). 

Let Hq be the 0-module obtained by restricting H jr to Spec(0), and 
let Vo c End(iTo) be the corresponding realization of VdR, so that Vq 
is equipped with its Hodge filtration Fil 1 Vo, which is a rank 1 projective 
module over O. Denote by H^ and V-^ the induced modules over O. 

Let iff (H p [p°°]) be a special endomorphism. The crystalline realization 
of x gives us an element ® cr i s e Vq. Pairing against Fil 1 Vq induces a linear 
functional: 

(4.3.2) [cc cris ,-] ; Fil Wo-tO. 

The following two results are shown just as in (Madal Proposition 5.16 
and Corollary 5.17]. 

Proposition 4.3.1. The endomorphism x lifts to an element ofV(A y [p °°]) 
if and only if the functional (14.3.21) is identically 0. 

Corollary 4.3.2. Suppose that k is an algebraically closed field of charac¬ 
teristic p, that t e _A/l( p )(/e) and that x e V(A t [p°°]) is a special endomor¬ 
phism. Let Ot. be the completed etale local ring of M.( p ),w(k) a t t- There 
is a principal ideal ( f x ) c Ot such that, for any map f : Ot -*■ R to a local 
Z ( p \-algebra R, x lifts to an element inEndc(L)(^f(t)[p°°]) if and only if f 
factors through Ot/(f x )- 

In other words, the deformation space of the endomorphism x within 
the formal scheme Spf(0t) is pro-representable, and cut out by a single 
equation. 

We have to explain how our notion of a special endomorphism relates to 
the one defined in (Madal §5]. The main difference is that in [loc. cit.] an 
endomorphism x e Endc(£)(Hg) was defined to be special if it is special in 
our present sense at every geometric point of S, which appears to be a less 
restrictive definition. It is not, as the following result demonstrates. 

Proposition 4.3.3. Let S be a connected M( p )-scheme, and suppose that 

x e End c(I;) (4s) 
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is a C(L)-equivariant endomorphism. Then the following statements are 
equivalent: 

(1) x is special; 

(2) For any geometric point s -*■ S, the fiber of x at s is special; 

(3) For some geometric point s -> S, the fiber of x at s is special. 

Proof. If S is a scheme in characteristic 0, then this is clear, since the con¬ 
ditions can be checked over Sc, where everything follows from the fact that 
the Betti realization is locally constant, and determines the etale and de 
Rham realizations. If S is an arbitrary Z^^-scheme, then combining this 
with [Madal Lemmas 5.9 and 5.13] shows that (2) and (3) are equivalent. 
To complete the proof of the proposition, we now need to know that, if x 
is special at a point s -+ S in characteristic p, then the crystalline realiza¬ 
tion of x lands in the image of (14.3.111 globally over Sf . This follows from 
Lemma 14.3.41 below. □ 


Lemma 4.3.4. Let R be a complete local algebra over W with perfect 
residue field k. Suppose that we have a point t e M.( P )(R) and an endo¬ 
morphism x e End c(L)(A t ). Let to e JA^(k) be the induced point, and let 
xo e End^^R^to) be the fiber of x at to- Then x is special if and only if xq 
is special. 


Proof. Let Ot 0 be the complete local ring of -M( P ),w(k) to', this is isomor¬ 
phic to a power series ring over W(k) in n variables. By Corollary 14.3.21 the 
deformation ring for the endomorphism xq is a quotient Ot 0 , Xo = Ot 0 Kfx 0 ) 
of Ot 0 by a principal ideal. Now, by our hypothesis, xq lifts over R, and so 
the map Ot 0 -*■ R factors through Ot 0 , XQ ■ hi particular, it suffices to verify 
the lemma for R = Ot 0>X0 , an d so we can assume that we have: 


r, W(k)[\ui,...,u n \\ 

R ‘ -( 7 )-' 

for some element / e W(k)\\ui,... ,u n ]]. 

The crystalline realization of x is a section of End c ^^(iT cr i S ). We want 
to show that it is in fact a section of Wris- This is equivalent to showing 
that its image in EmL .^ ( H cr - ls )/V^ r ; s is 0 . 

Let Dr -* R be the p-adic completion of the divided power envelope of R 
in W(k)[\ui ,..., u n \]. In other words, this is the p-adic completion of the 
subalgebra: 


W(k)[\ui,... ,u n \] 


- fn 

— ■ n € Z > 0 
_ n! 


c Frac(kE(fc)[|ui,.. 




I])- 


Note that the Frobenius lift 


p :W(k)[\ui,.. ,,u n |] -> W(k)[\ui,... ,u n |] 

defined by Ui extends continuously to an endomorphism <p : Dr -*■ Dr. 
Evaluation along the formal divided power thickening 

Spec(i? Fp ) ^ Spec (Dr) 
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establishes an equivalence from the category of crystals over (Spec(i?F p )/^p)cris 
to the category of finite free D/j-modules equipped with a topologically 
nilpotent integrable connection. Furthermore, this establishes an equiva¬ 
lence between F-crystals and finite free D^-modules M equipped with a 
topologically nilpotent integrable connection as well as a map ip* M[p _1 ] -*■ 
MfjT 1 ] that is parallel for this connection. 

Therefore the lemma is now immediate from Lemma 14.3.51 below. □ 

Lemma 4.3.5. Let M be a finite free D^-module with a topologically nilpo¬ 
tent integrable connection: 

V : M -»■ M ® FtR/w(k) 

and an isomorphism ->■ M[p _1 ] that is parallel for V. Suppose 

that m e M v=0 is a parallel element that goes to 0 under the reduction map 
M -»• M <8>d r W. Then m = 0. 

Proof. Let ?7 rig be the rigid analytic space over Frac (W(k)) associated with 
the power series ring W{k)\\u\,... , u n \\ via Berthelot’s analytihcation func¬ 
tor; see [de 95. §7]. This is simply the rigid analytic unit disc. The endo¬ 
morphism (p induces a contraction map p* : [7 ng -»■ ?7 rig . 

Now, there is a rational number rp e (0,1) such that all elements in Dr 
converge in the open disc U Tlg (rf ) c U Tlg of radius rp. Let i? rig be the 
ring of global sections of the structure sheaf on U Tlg (rp). Then we have an 
inclusion Dr c i? ng , and extending scalars along this inclusion gives us an 
i? ng -module 

M ri g = R ng m 

equipped with an integrable connection and an isomorphism 

p*M Tig 4 M rig . 

In this situation, the image of the natural map 

( M rig) v =° M rig 

generates M ng as an i? rig -module. This is just Dwork’s trick; see for in¬ 
stance [VolO'll §3.4, Prop. 4]. 

Therefore, if a parallel section of M rig vanishes at a point, then it vanishes 
everywhere on U Tlg (rp), and is hence the zero section. This proves the 
lemma. □ 

Proposition 4.3.6. Let S be an M( p yscheme. For each x e V(As), we 
have 

x o x = Q(x) • id^ s € End(71,9) 

for some integer Q(x). The assignment x Q(x) is a positive definite 
quadratic form on V{A$). 


Proof. This is shown as in [Madal Lemma 5.12]. 


□ 
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4.4. Integral model over Z. We will now explain how to construct an 
integral model for M over Z. In [AOHM15] . using the results of [Madaj . 
we gave a construction that worked over Z[l/2]. This is inadequate for our 
current purposes for two reasons: First, of course, it omits the prime 2; 
second, at primes p such that p 2 j Dl, the integral model from [loc. cit .] 
excluded points in the special fiber that will be relevant to this article; 
see AGIIM 1 5 Remark 2.4.3]. 

Fix a prime p. Choose an auxiliary quadratic space over Q of 

signature (n°,2), admitting a maximal lattice L° c V° that is self-dual over 
Z( p ), and admitting an isometric embedding 

(V,Q)~>(V°,Q°) 

carrying L into L*. Set 

A = L l = {x € L° : [x, L] = 0} c L°. 

Set G° = GSpin(R°), and let V 0 c be the associated hermitian 

domain; then there is a natural embedding of Shimura data 

giving rise to a finite, unramified map of Shimura varieties M ->■ M°. Here, 
M° is the Shimura variety associated with the maximal lattice L°. 

Since L° is self-dual over Z( p ), M° admits a smooth integral model A4^ 
over Z( p ). We have the Kuga-Satake abelian scheme A° -*■ with asso¬ 
ciated de Rharn sheaf as well as the embeddings 

V? ^End c(L4) (iff) 

where ? = R,^,dR, cris. For any A4^-scheme S, we have the subspace 

R(^)cEnd c(i o)(^) 

of special endomorphisms, whose homological realizations are sections of 

vr 

Define A4( p ) as the normalization of in M. The restriction of 

Fil 1 Kir -A4(p) gives us a line bundle u over A4( p ), which extends the 
line bundle Fil 1 WlR over the generic fiber M. 

Proposition 4.4.1. 

(1) The integral model -M.( p ) and the line bundle co are independent of 
the choice of the auxiliary data (R°,(5 0 ) and L° c V°. 

(2) The Kuga-Satake abelian scheme A -> M extends to an abelian 
scheme A -> A4( p ) and there is a canonical C(L <> )-equivariant graded 
isomorphism 

A® c{l) G(L°) A- A° 
of abelian schemes over M( p )- 


(4.4.1) 
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(3) There is a canonical isometric embedding: 

(4-4.2) A ^V(A* M(p) ). 

(4) M(jp) has the following extension property: If E/Q p is a finite ex¬ 
tension, and t e M(E ) is a point such that A t has potentially good 
reduction over Oe, then the map t : Spec (E) -*■ M extends to a map 
Spec(0e) -»■ M( p ). 

Proof. Assertion (1) is shown just as in the proof of [AGHM151 Prop. 2.4.4], 

As for assertion (2), first note that, given the existence of the extension 
A -*■ M( p ), the fact that C(L 0 ) is free over C{L ) gives meaning to A® c ^ 
C(L°) as an abelian scheme over M( p y, this is the Serre tensor construction. 
We always have the canonical C' ( ) -equivariant graded isomorphism (|4.4.1[> 
over the generic fiber M ; see |AGHM15l (2.12)]. In particular, as abelian 
schemes over M, there is a canonical closed immersion A •-> A 0 . Note 
that A° -*■ admits a polarization of degree prime to p\ indeed, in 

the notation of [AGHM15I (2.2)], arranging for this amounts to choosing an 
element 5 e C + (L°^ satisfying 5* = -6. That A extends to an abelian 
scheme over M( p ) now follows from the argument in [Madbl Prop. 4.2.2], 
The argument actually shows the following: As in S 14.21 let ip : HxH -*■ Q(p) 
be a G'-invariant symplectic pairing giving rise to a polarization on A\m, 
and thus to a finite map M -*■ X 2 n+2 ,m,Q t° the generic fiber of a Siegel 
moduli space. Then this map extends to a finite map M( p ) -*■ ^ 2 n+2 ,m,z M 
parameterizing the abelian scheme A -»■ M( p ). 

The existence of the isomorphism (14.4.ip of abelian schemes over A4 ( p \, 
as well as the embedding ()4.4.2D are now shown exactly as in the proof 
of [AGHM151 Prop. 2.5.1], 

Assertion (4) is immediate from the finiteness (hence properness) of the 
map M(p)-+ X 2 n + 2 im)Z(p) . □ 

Given the proposition, we can choose our auxiliary lattice L° to our con¬ 
venience. We will choose it so that A = L 1 c L° has rank at most 2. 

Let Z(K) -*■ be the stack such that, for any A4^-scheme S we have 

Z(A)(S) = {Isometric embeddings A >-> ^(Ag)}. 

The argument from [AGHM151 Proposition 2.7.3] shows that Z( A) is an 
algebraic stack that is finite and unramified over -M^ p y 

The embedding (14.4.21) corresponds to a map -*■ Z(A). It is shown 

in [Madal Lemma 7.1] that this map identifies M with an open and closed 
substack of Z(A)q. 

Proposition 4.4.2. Let p be an odd prime. Suppose either that pi 2 \ Dl or 
that n > 3. Then Z(A) is normal and flat over Z r p y In particular, the map 
Xi(p) -*■ Z( A) identifies M( p ) with an open and closed substack of Z( A). 
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Proof. Let A >-»■ V(A^, A )) be the tautological isometric embedding and let 

AdR <= V^rI^A) 

be the coherent subsheaf generated by the de Rham realization of this em¬ 
bedding. As in jMadal Lemma 6.16], there is a canonical open substack 

Z pr (A) c Z( A) 

containing Z{ A)q, and over which AdR is a local direct summand of V]jr. 
It is shown in |Madal Corollary 6.22] that, under our hypotheses, i? pr (A) is 
a flat, normal Z( p )-stack. 

When p 2 \ Dl, it is shown in [ Madal Lemma 6.16] that Z pr (A) = Z( A), 
and so the proposition follows in this case. For the remaining cases, we will 
need two lemmas. 

Lemma 4.4.3. Suppose that n > 2. The stack Z( A) (resp. Z(A)^ p ) is a 
local complete intersection over (resp. F py ) of relative dimension n. 

Proof. Since p > 2, we can find A' c A and v € (A') 1 c A such that p 2 
does not divide the discriminant of A' and such that, over Z( p ), we have an 
orthogonal decomposition 

Az ( P ) = A i( P) 1 < v >- 

Then we have a factorization 

Z(A) ^ Z(A') ^ M\ p) 

into finite and unramified morphisms of Z( p )-stacks. 

As above, it follows from |Madal Corollary 6.22 and Lemma 6.16] that 
Z(A') is a faithfully flat regular algebraic stack over Z( p ), whose special 
fiber is a geometrically normal, local complete intersection algebraic stack 
of dimension n + 1 > 3. 

Fix a point t e i?(A)(F p lg ). We can also view this as a point t e Z(A')(¥p ls ). 
Let Oz',t (resp. Oz,t ) be the complete local ring of Z( A') (resp. Z( A)) at t. 
Then it is shown in jMadal Corollary 5.17] that Oz,t is a quotient of 0 Z (A r ) 
cut out by a single equation. 

In particular, this implies that Z( A) is etale locally an effective Cartier 
divisor on Z(A'), and is in particular a local complete intersection over Z( p p 
To show that Z{ A)jr p is a local complete intersection stack over F p , it now 
suffices to show that it does not contain any irreducible components of the 
normal algebraic stack Z(A')^ . But this follows from [Madal Prop. 6.17], 
which shows that, if ry -» Z( A , )f is a generic point, then the tautological 
map A' -*■ V(A°) is an isomorphism. □ 

Lemma 4.4.4. The codimension of the complement of Z pv ( A)f p in Z(A)p p 
is at least n - [n°/2j. 
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Proof. By [Madal (6.27)], we find that this complement is supported entirely 
on the supersingular locus 


M W, cM W V 

But, by |HP15j . this locus has dimension at most [n°/ 2j. This dimension 
count can also be deduced using the methods of Ogus from |OguQl| . From 
this the lemma is clear. □ 


By our assumption on A, n° < n + 2. Therefore, by Lemma 14.4.41 we 
see that Z pr ( A) is fiberwise dense in Z( A) as soon as n > 3. On the other 
hand, Lemma 14.4.31 shows that Z( A) is a Cohen-Macaulay stack over Z( p p 
Therefore, by the normality of i? pr (A) and Serre’s criterion for normality, 
we find that Z{ A) is itself normal and flat over Z( p ), as soon as n > 3. □ 

Theorem 4.4.5. Assume one of the following conditions: 

• L( p ) is self-dual; 

• p is odd, p 2 \ Dl and n > 2; 

• p is odd and n > 5. 

Then M.^ p y^ p is a geometrically connected and geometrically normal alge¬ 
braic stack over F p . 

Proof. By Proposition 14.1.11 under our hypotheses, M is a geometrically 
connected smooth algebraic stack over Q. Therefore, we only have to show 
that A4( p ) has normal geometric fibers. Indeed, as soon as this is known, 
it will follow from [Madbl Corollary 4.1.11] that is geometrically 

connected. 

If L( p ) is self-dual, then A4( p ) is smooth over Z( p ) by Theorem 14.2.21 so 
the theorem is clear under this hypothesis. 

If p is odd, to prove the theorem, by Proposition 14.4.21 it is enough to 
show that, under the given hypotheses, Z{ A) is a normal algebraic stack, 
flat over Z( p ), with normal geometric special fiber. By |Madal Corollary 
6.22], we find that, under our hypotheses, i? pr (A) has geometrically normal 
fibers. 

Therefore, by Lemma 14.4.31 and Serre’s criterion for normality, to show 
that Z( A)f p is normal, it is enough to show that the complement of Z pT (A)p p 
in Z( A)p p has codimension at least 2. When p 2 \ Dl, this is clear, since 
Z pr (A)=Z(A). 

For the general case, by Lemma 14.4.41 it suffices to show 


whenever n > 5. This is an easy verification. □ 

The construction of M. -> Spec(Z) now proceeds as in |AGHM15) (2.4)]. 
Choose a finite collection of maximal quadratic spaces L \, L|,..., L P with 
the following properties: 

• For each i = 1,2,...,r, L® has signature (n*, 2), for nf e Z>q; 
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• For each i, there is an isometric embedding L >-> L?; 

• If, for each i, we denote by Di = D^<> the discriminant of L°, then 
gcd(Z>i,... ,D r ) = 1. 

It is always possible to find such a collection. 

For i = 1,2,... ,r, let Mf be the GSpin Shimura variety over Q attached 
to L\. Then Mf admits a smooth integral model over 

Let A / I Z [ D7 i] be the normalization of hi M. 

Theorem 4.4.6. There is a unique flat, normal algebraic Z-stack A4 such 
that, for each i, the restriction of M. over ZfDF 1 ] is isomorphic to M-zidt 1 }' 
Moreover: 

(1) The Kuga-Satake abelian scheme A -+ M extends to an abelian 
scheme A -» A4. 

(2) The line bundle Fi^VjR over M extends canonically to a line bundle 
oj over M.. 

(3) If is self-dual; or if p is odd and p 2 \ Dl; or if p is odd and n > 

5, then a geometrically connected and geometrically normal 

algebraic stack over F p . 

Proof. This is immediate from Proposition 14.4. II and Theorem 14.4.51 □ 

Suppose now that we have an isometric embedding 

(v,Q)-(ncr) 

into a quadratic space of signature (n°, 2), and a maximal lattice c V° 
containing L. Then we have a finite and unramified map of Shimura varieties 
M M° over Q. The next result is easily deduced from the construction 
of our integral models; see also |AGHM15l Prop. 2.5.1] for details. 

Proposition 4.4.7. The map M -»■ M° extends to a finite map of integral 
models A4 -> A4°. Moreover: 

(1) If A° -*■ is the Kuga-Satake abelian scheme, then there is a 
canonical isomorphism 

A ® C (L) 

of abelian schemes over A4. 

(2) Let be the canonical line bundle over A4° from assertion (2) of 
Theorem \4-4-6\ Then there is a canonical isomorphism 

uP|_A/( UJ 

of line bundles over A4 extending the natural identification 

FilV d ° R | M = FilV dR 

over the generic fiber M. 
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4.5. Metrized line bundles. Let i 7 )*, : A4(C) -*■ A4(C) be complex conju¬ 
gation. An arithmetic divisor on A4 is a pair 

Z = (Z,$) 

consisting of a Cartier divisor Z on A4 and a Green function <F for Z. This 
means that 4? is an -invariant smooth M-valued function defined on the 
complement of Z( C) in A4(C), such that if T = 0 is any local equation 
for Z( C), the function <f> + log|T | 2 extends smoothly across the singularity 
Z( C). A principal arithmetic divisor is an arithmetic divisor of the form 

div(T) = (div('P),-log|'P| 2 ) 

for a rational function $ on M. The group of all arithmetic divisors is 
denoted Div(A4), and its quotient by the subgroup of principal arithmetic 
divisors is the arithmetic Chow group CH (A4) of Gillet-Soule [ GS90 ]. 

A metrized line bundle on A4 is a line bundle endowed with a smoothly 
varying Too-invariant Hermitian metric on its complex points. The isomor¬ 
phism classes of metrized line bundles form a group Pic(A4) under tensor 
product. As in (Sou92[ III.4], there is an isomorphism 

(4.5.1) 

defined by sending a metrized line bundle £ on A4 to the arithmetic divisor 

div('P) = (div('P),-log ||'L|| 2 ). 

for any nonzero rational section T of C. 

By assertion (3) of Theorem 14.4.61 we obtain a canonical line bundle cj 
over A4. We call this the tautological bundle , or the line bundle of weight one 
modular forms. Its fiber at a complex point [(z,g)] e M(C) is identifiedwith 
the isotropic line C z c V£. Using this identification, we define the Petersson 
metric on the fiber uJ[( z ,g)] by Hz]] 2 = ~[z,~z]. In this way we obtain the 
metrized tautological bundle 

O e Pic(A4). 

4.6. Special endomorphisms and special divisors over Z. Let S be 

a scheme over A4. We have already encountered the notion of a special 
endomorphism of A 5 in fl4.3l at least in the situation where S is a 
scherne, with p \ Dl■ In AGI l.U l3i (2.6)], we gave a definition that worked 
without this condition, but since we have somewhat modified our integral 
models here, the theory there does not apply directly. We now explain how 
to fix this. 

Fix a prime p, and set A4( p ) = • Choose an auxiliary maximal lattice 

L° of signature (n°, 2) that is self-dual at p, and which admits an isometric 
embedding L •-> L°. This gives us a finite map of Z( p )-stacks 
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It will be useful to have a notion of special endomorphisms for the l- 
divisible group of 4° as £ varies over the rational primes. If l 4- p, we will 
define F(yl 0 [f' tx ’],s) to be the space of endomorphisms of ^4° [^°° ] 5 -, whose 
Aadic realizations land in the space VIf £ = p, we will define 1/(4° [p 00 ]^) 
to be the space of endomorphisms of 4°[p°°]s', whose p-adic realizations 
land in the space V p over S'fp -1 ] and whose crystalline realizations land in 

Kris over S v P - 

The isomorphism of Kuga-Satake abelian schemes A ®c(L) C(T°) —» 
4°| M( p ) induces, for any _M( p )-scheme S, canonical embeddings 

(4.6.1) End c(L )(4 s ) End G(i o)(4s), 

End c{L) (A s [r]) - End G(i o ) (4^[^]), 

for any prime £. We now declare an endomorphism 

(4.6.2) x e End G(L) (4 s ) or a; e End C ( L )(A S [£°°]) 

to be special if its image under (14.6.11) is a special endomorphism of Ag or 
^[K 00 ], respectively. 

Proposition 4.6.1. The notion of x e End G ( G )(4s) orx e End G (£)(4s[£°°]) 
being special does not depend on the choice of the auxiliary lattice L°. 

Proof. As in the proof of |AGHM15l Prop. 2.4.4], we can reduce to the 
case where L is itself self-dual over In this case, we have homological 

realizations V? over A4( p ), and a commuting square of embeddings 

V? -*" End c(L) (iT?) 

K 0 |>f(p) ^ End G ( L o )(H° )| M (p) - 

of sheaves over M( p ) mapping onto local direct summands of their targets. 
From this, we find that x is special with respect to the lattice L° if and only 
if its homological realizations land in V?, and so the notion of being special 
is in this case intrinsic to the stack M( p ), and independent of choices. □ 

If S is now an arbitrary A4-scheme, we declare an endomorphism (14.6.2 j) 
to be special if its restriction to S%. p) is special for every prime p. Write 
V(As) and for the respective spaces of special endomorphisms. 

We will also need certain distinguished subsets V p (As) c E(4 s)q param¬ 
eterized by p € L v /L. To define these, we will first define subsets 

v pl {A s [r])cv{As[r}) Q 

parameterized by pi e Zp ® (L v /T). 

For this, note that over M(C), as K acts trivially on the quotient L v /L, 
we have a canonical isometry 

Z®(L V /L)^ V%IV B 














54 


F. ANDREATTA, E. Z. GOREN, B. HOWARD, K. MADAPUSI PERA 


of locally constant sheaves. For each prime £, this gives an isometry 

a^:Z^®(L v /L)^ V? fV e . 

of etale sheaves of F^-modules over M. In fact, this can be extended to an 
isometry of sheaves over By the normality of A4, it is enough to 

show that the sheaves Vg and Vf extend to lisse sheaves over Ad[£ -1 ]. This 
can be deduced using the argument from Remark 14.2.31 

Fix a prime p. and let S be an At( p ) -scheme. Then, for any £ + p, the 
Aadic realization of a special endomorphism x e V(As) is a section of the 
submodule Vg c End c ^(Hg). Therefore, any element of the dual subspace 

V(A s [£°°]y = {y € V(A s [£°°])q : [V(A s [£°°]),y] c Z e } c R(As[n)Q 

has an Aadic realization xg in V^ v . Here, the pairing [•,•] on V(As(£°°f) is 
the one induced from composition in End^sfi 100 ]). We now define 

v^(A s [r])cv(A s [r]y 

to be the subset of elements x such that xg maps to cxg(l ® pg) in V//Vg. 
Next, we will define the subset 

V fH ,(As[p 0 °])cV(A s [p°°]y 

for ii p e Z p ® (L v /L). If S is a Q-scheme, then this can be defined just as for 
£ ± p. For the general case, choose an auxiliary maximal lattice L° that is 
self-dual over Z( p ) of signature (n°, 2), which admits an isometric embedding 
L L°. By Theorem 14.4.71 this gives a map of Z-stacks A4 -*■ A4° along 
with an isometric embedding 

A ^V(A° m ). 

Here, A = L 1 c L°. 

Lemma 4.6.2. For any A4( p yscheme S, there are canonical isometries 

V(A s ) 4 A 1 c V(A%) 

V(A s [p°°}) ^ A.^^V(A%[p°°}). 

Proof. The first isometry follows from the definitions and the fact that the 
subspace 

End c{L)(A S ) c End G(i o)(A 5 ) 

consists precisely of those endomorphisms that anti-commute with A; see 
also (AGHM151 Prop. 2.5.1]. The second is proven in similar fashion. □ 

Now, there are canonical isomorphisms 

Z p ® (L y /L) Z p ® (L°/(L ® A)) ^Z p ® (A v /A). 

Therefore, we can canonically view fi p as an element of Z p ® (A v /A). More¬ 
over, the inclusions 

V(A s [p°°]) ® A c F(4b°°]) c (V(A s [p°°]) ffi A Zp ) v = V(A s [ P °°]y ® 
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induce an embedding 

(463, gasR-d .. vt 

V(A s [p°°]) ® Az p V(A» s [p°°]) A Zp 

We now set 

v ^ P ( A s[p°°]) = e ^(Asb°°]) v : ([x],p P ) is in the image of ( | 4.6.3 | ) }, 
where 

[lls WT 

1 J v(A% b»]) 

is the class of x. 

Proposition 4.6.3. The subset V^Asb 00 ]) c I/(As'[p°°]) v just defined 
does not depend on the choice of the auxiliary lattice LA. Moreover, if S is 
a Q-scheme, then this definition agrees with the one already given above. 

Proof. As usual, for the independence statement, we can reduce to the case 
where L is itself self-dual over Z( p ). In this case, p p = 0, and we have to 
show that, if x e H(As[p°°]) v is such that ([a], 0) is in the image of ()4.6.3I) . 
then x must belong to P(A 5 [p°°]). However, ([x],0) being in the image 
of (I4.fi.3p means exactly that x belongs to I/(Ag[p°°]) and is orthogonal to 
A^ p . So we are now done by Lemma 14.6.21 

We leave the verification of the second assertion to the reader. □ 

Now suppose that S is an arbitrary A4-scheme, and p is any prime. We 
decree that an element of H(A 5 [p°°]) v belongs to Vp. p (As[p°°]) if and only 
if it does so over 5z (p) • 

Consider the dual space 

V(A s y = {y 6 V(A s )q : [V(A s ),y] c Z} c V(A s )q 

of V(Ag ) with respect to the bilinear form induced from composition in 
End(As). For each prime p and each e Z p 0 (L v /L), let 

V Pp (A s )cV(A s y 

be the subspace of elements mapping into V^Asb 00 ]). In general, if y e 
LA IL has p-primary part p p for each prime p, set 

Ws)=n^(^)c^s) v . 

V 

The next result is immediate from Proposition 14.3.61 and the definitions; 
see also |ACHM151 Prop. 2.6.1]. 

Proposition 4.6.4. For each x e V(As), we have 

x o x = Q(x) ■ id^ s e End(As') 

for some integer Q(x). The assignment x i-> Q(x) is a positive definite 
quadratic form on V(A$). If x e V p (As), then we have the congruence 

(4.6.4) Q(x ) = Q(p) (mod Z). 
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Fix a maximal lattice L 0 of signature (n°, 2), equipped with an isometric 
embedding L •-+ L 0 , so that we have the corresponding finite map of algebraic 
stacks M -> M 0 . Set A = L 1 c L 0 . 


Proposition 4.6.5. Fix an M-scheme S -> A4. 

(1) There is a canonical isometric embedding A 1 
etry: 


V(Ag) and an isom- 


(4.6.5) V(A S ) - A 1 c V(A 0 S ). 

(2) For every p £ L 0,v /L 0 and every (pi,p 2 ) e (/r + L°)/(L® A) the map 
14-.6.5 ), tensored with Q, restricts to an injection 

VpMs) x (^2 + A) ^ V^Ag). 

(3) T/ie above injections determine a decomposition 

V,Ms) = U ^i(^s)x(/i 2 + A). 


Proof. Assertion (1) is shown just as in Lemma 14.6.21 Everything else is 
immediate from this and the definitions. □ 


For m € Q >0 and p e L v /L, define the special cycle Z(m,p) -> A4 as the 
stack over A4 with functor of points 


(4.6.6) Z(m,p)(S) = {ie V^Ag) : Q(x) = m} 


for any scheme S -> A4. 

Note that, by (14.6.41) . the stack ()4.6.6I) is empty unless the image of m in 
<Q)/Z agrees with Q(p). 

For later purposes we also define the stacks Z(0,p) in exactly the same 
way. As the only special endomorphism x with Q(x ) = 0 is the zero map, 
we have 


Z( 0,/i) 


0 if p 4 0 
A4 if p = 0. 


Once again, fix a maximal lattice L 0 of signature (n°, 2), equipped with 
an isometric embedding L L 0 , so that we have the corresponding finite 
map of algebraic stacks M. -*■ M 0 . Set A = L l c L 0 . For m € Q> 0 and 
p € L 0,v /L 0 , write Z 0 (m,p) ->■ A4 0 for the stack associated with the pair 
( m,p ). The following result is immediate from Proposition 14.6.51 


Proposition 4.6.6. Fix p e L° ,v /L°. T/ien i/iere is an isomorphism of 
M. -stacks 


Z (?ri,^x) A4 — |_| Z(rn\,p\) x A 

m 2 ,M2 ? 

mi +m2=m 

(Ml ,M2 )/ (-^©A) 

where 

A m2 ,M2 = {* e A2 + A : Q(z) = m 2 }, 

and Z(mi,pi) x A m2 . /i2 denotes the disjoint union of #A m2j/i2 copies of 
Z(m 1 ,pi). 
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Proposition 4.6.7. There is a natural isomorphism 

Z(m,p)q ->■ Z(m,p) 
of stacks over M. Moreover: 

(1) Suppose that m > 0. Etale locally on the source, Z{m,p) is an 
effective Cartier divisor on M.. 

(2) Suppose also that n > 3. Then Z(m,p) is flat over Z[l/2]. If, in 
addition, L( 2 ) is self-dual, then Z(m,p) is flat overZ. 

Proof. Assertion (1) is deduced from Proposition 14.6.61 exactly as in the 
proof of AGHM15. Proposition 2.7.3], by reducing to the case where L is 
self-dual over Z( p ) and using Corollary 14.3.21 

As for assertion (2), since Z(m,p ) is etale locally a divisor on A4, it fails 
to be flat exactly when its image in A4 contains an irreducible component 
of A4p p for some prime p. 

If L(p) is self-dual at p, then the argument used in [Madal Prop. 5.21] 
applies to show that Z(m,p) is flat over Z( p ). 

For the other cases, we can now suppose that p > 2. Choose an auxiliary 
maximal lattice L° that is self-dual over Z( p ) and an embedding L L° 
as usual. If A = L 1 c L°, then by Proposition 14.4.21 we can identify M( p ) 
with a closed and open substack of the stack Z( A) -*■ M( p \ parameterizing 
isometric embeddings A t -> V(Ag). 

By Proposition l4.6.6l it suffices to show that, for every me Q and every p e 
L°’ v /L°, the restriction of 2i°(m,^) to Z( A) is flat over Z( p ). Equivalently, 
it is enough to show that the image of the map 

Z 0 (m, p) x M ° p) Z{ A) Fp -> Z{ A) Fp 

does not contain an irreducible component of its target. 

For this, let Z pr ( A) c Z( A) be as in the proof of Proposition 14.4.21 We 
saw there that, under the hypothesis n > 3, Z pr ( A) is a hberwise dense open 
substack of Z( A). Therefore, it is enough to show that the image of the 
map 

Z\m,p) x Mlp) Z p \k) ¥p ^Z p \k) ¥p 

does not contain an irreducible component of its target. 

Note that the p-adic component of p is necessarily trivial, and note also 
that Z pr ( A)p p is normal and hence generically smooth. Therefore, the de¬ 
sired assertion follows from [Madal Corollary 6.18]. □ 


4.7. Harmonic weak Maass forms. We recall some generalities about the 
Weil representation and vector-valued harmonic forms from |BFD4i IBKY121 
|BY09UEud03]. 

Let S(V) be the space of Schwarz functions on V = V ® Aj, and denote 
by 


Sl c s(y ) 
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the (finite dimensional) subspace of function that are invariant under trans¬ 
lation by L = L <8> Z, and supported on L v = L v <8> Z. We often identify Sl 
with the space of complex-valued functions on 

L v /L 4 L v /L. 

In particular, for each p, e L v /L there is a corresponding Schwartz function 

(4.7.1) € 5 l , 

defined as the characteristic function of p + L c V. 

Write SL 2 (A) for the metaplectic double cover of SL 2 (A). This cover 
splits over SL 2 (Q), yielding a canonical injection 

(4.7.2) SL 2 (Q) - SL 2 (A). 

Pulling back the cover by the inclusions 

SL 2 (R) - SL 2 (A), SL 2 (A / ) - SL 2 (A) 

yields double covers 

SL 2 (R) - SL 2 (R), SL^Aj) -> SL 2 (A / ), 
and we define SL 2 (Z) and SL 2 (Z) by the cartesian diagrams 
SL 2 (Z)--SL 2 (R) SL 2 (Z)-^SL 2 (A/) 

SL 2 (Z)--SL 2 (R) SL 2 (Z)-^SL 2 (A/). 

The inclusion (|4.7.2D induces an injection SL 2 (Z) -> SL 2 (Z), denoted 
7 ^ 7 , defined by demanding that the product 

7-7 € SL 2 (R) • SL 2 (A f ) c SL 2 (A) 

be equal to the image of 7 under the composition 

SL 2 (Z) SL 2 (Z) SL 2 (A). 

Denote by ip q : Q\A C x the unramified character with archimedean 
component r <pQ )0 o( x ) = e 2mx . The group SL 2 (A^) acts on S(V) via the Weil 
representation cj determined by ipQ, and the restriction of this representation 
to SL 2 (Z) c SL 2 (Z) leaves invariant the finite dimensional subspace Sl- 
Denote this representation by 

u L ■■ SL 2 (Z) Aut (Sl), 

and define the complex conjugate representation uJl '■ SL 2 (Z) -*■ Aut (Sl) by 

ul{i) ■ V = ul(i) ■ V- 

If dim(V) is even then lol and ZJl factor through SL 2 (Z). Note that our ZJl 
is the representation denoted pl in |Bor98l lBru02l IB^IMI IBKY121IBY09] . 
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Denote by Hi_ u / 2 (ujl) the space of harmonic weak Maass forms of weight 
1 - n/2 for SL 2 (Z) of representation ojl, in the sense of |BYf)9l §3], and 
denote by 

*S'l-n/2( w i) c _ n / 2 (w.L) c Hi_ n / 2 (u}L) 

the subspaces of cusp forms and weakly modular forms, respectively. By 
a result of Bruinier-Funke )BF04j . these spaces are related by an exact se¬ 
quence 

(4.7.3) 0 -» M' x _ n j^(y)i) -»• Hi_ n / 2 (ujL ) -*■ Si +n / 2 (uJL) 0, 

where £ is a certain explicit differential operator. 

As in [ BY091 (3.4a)], any / e H 1 _ u / 2 (uji j ) has a holomorphic part 

/ + (r)= Y, c + f(rn)-q m , 

m »—oo 

which is a formal (/-expansion with coefficients 

Cf(m)= E c}(m,/i)'^eS t . 

When the principal part 

p f ( T ) = E c + f (-m)-q- m . 

m> 0 

is integral, in the sense that Cj(-m,/x) e Z for all m > 0 and p e L v /L, we 
define the corresponding special divisor 

Z(f)= E Cf(-m,p)Z(m,p ) 

m>0 

/zeL v /L 

on A4. There is a natural Green function <&(/) for Z(f), defined as a 
regularized theta lift as in [BY091 (4.7)]. See also [Bru021 IBF041 lBKY12| . 
In particular, we obtain an arithmetic divisor 

(4.7.4) Z(f) = {Z(f)Mf)) € CH^M). 

4.8. Borcherds products. Suppose 

( 4 -8-l) /(r)= Y c f( m ) ■ (F £ 

m»0 

is a weakly holomorphic form, so that / = / + and cj(m ) = Cj(m). 

The following result will be shown in the companion paper |HM15j . gen¬ 
eralizing a result of F. Hormann [Horl4] , Here, we only sketch its proof. For 
the applications to Colmez’s conjecture, we will only require the assertion 
over primes of good reduction, which is already contained in [Hor n. 
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Theorem 4.8.1. Suppose that n > 3 and that the principal part Pf{r ) is 
integral. Then, after replacing f by a multiple kf, for any sufficiently divis¬ 
ible k e Z> o, there exists a rational section T>{f) of w ® c /(°>°), defined over 
Q, such that 

$(/) = - log ll^(/)H 2 + c/(0,0)log(4vre 7 ). 

Here 7 = —1^(1) is the Euler-Mascheroni constant. 

In particular, the canonical isomorphism | f.5.1\ ) identifies 

Q®c f (o,o) = v(^(/)) 

= Z(f)~ Cf( 0,0) • (0,log(4vre 7 )) + £(/)> 

where (0, log( 4 - 7 re 7 )) denotes the trivial divisor endowed with the constant 
Green function log( 47 re 7 ), and £(f) = (<?(/), 0) is the divisor 

£(f) = dw(*(f))-Z(f) 

endowed with the trivial Green function. Moreover, there is a decomposition 

£(/) = E £p(f) 

p\Dl 

in which the divisor £ p (f) is supported on the special fiber A4f p , and: 

• If p is odd and p 2 f Dl then £ p (f) = 0; 

• If n> 5 then £(f) = £ 2 (/) is supported on Aiw 2 . 

• If n > 5 and L( 2 ) is self-dual, then £(f) = 0. 

Sketch of proof. For any sufficiently divisible k, all the Fourier coefficients 
of k ■ f are integral, and the Borcherds lift of k ■ f, after a normalization, 
descends to a section of a .Replacing / by this multiple, we take our 
desired section ^(Z) to be this descent of the Borcherds lift. It is known 
that the divisor of 'F(Z) in M is exactly Z(f)\M ; see jBor98] or |Bru02| . 
Thus £(f) = Zp£ P (f) is supported in finitely many nonzero characteristics. 

Assume that L( p ) is self-dual, or that p is odd and p 2 \ Dl, or that p 
is odd and n > 5. To check that £ p (f) = 0, it suffices to show that both 
Z{f) and div('F(/)) are flat over Z( p ). The flatness of Z{f) follows from 
Proposition 14. 6. 71 For the flatness of div(4'(/)), note that the special fiber 
M.¥ p is irreducible, by Theorem 14.4.61 Thus div(4'(/)), if not flat, contains 
a multiple of the entire special fiber A4 f p . Since a theory of integral q- 
expansions is now available through |Madb| , we can use the explicit product 
^-expansion of 'h( f ) to check that the support of div(\k(/)) cannot contain 
M.w p , and hence div('P(/)) is also flat. □ 

5. Big CM cycles on orthogonal Shimura varieties 

As in Section [3j we will fix a CM field E with totally real subheld F. We 
will also take Q alg to be the algebraic closure in C of Q and write Tq for the 
absolute Galois group Gal(Q alg /Q). 
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5.1. Hermitian spaces. Let (F, (•,•}) be a rank one Hermitian space over 
E that is negative definite at to, and positive definite at the remaining 
archimedean places. The assignment 

(x, x) = J3(x) 

induces a quadratic form 2} : F -* F on the underlying F-vector space of 
signature 

(5.1.1) sig(^) = ((0,2), (2,0),..., (2,0)). 

The Clifford algebra of (F,J2) is a quaternion algebra over F, with a 
Z/2Z-grading 

c(F) = c + (f)®c-(F). 

The even part C + (F) is isomorphic to E as an F-algebra. We will fix 
an isomorphism E —»■ C + (F) of F-algebras. Now, the odd part C~{F) is 
identihed with the F-vector space "V. The action of E on F given by left 
multiplication in the Clifford algebra is none other than the given F-module 
structure on F. 

Remark 5.1.1. If we fix any F-module isomorphism F - E, there is a unique 
£ e F x such that the hermitian form on F is identihed with the hermitian 
form (x,y) = £xy on E. The element £ is negative at to and positive at 
ti,..., id- i, and the isomorphism class of F is uniquely determined by 

£eF7Nm E/F (F x ). 

Conversely, if we start with any CM held E with totally real subheld F, 
and any £ e F x negative at to and positive at ti,..., id-i, we obtain an 
F-quadratic space (F,J2) = (F,£- Nm B / F ) of signature (15.1.11) as above. 

Let y : Ap -*■ {±1} be the quadratic character determined by F/F. Keep¬ 
ing the notation of Remark 15.1.11 for every place v of F define the local 
invariant 

in v v (F) = Xv(0 € {±1}- 

Thus in v v {F) = 1 if and only if £ is a norm from E x , and a e F x is rep¬ 
resented by F v if and only if Xv(cF) = in v v (F). The hermitian space F is 
uniquely determined by its collection of local invariants, and the product of 
the local invariants is 1. 


Definition 5.1.2. Suppose p c Op nonsplit in F. The nearby hermitian 
space V F is obtained from F by interchanging invariants at to and p. In 
other words, V F is the unique rank one hermitian space over F with 


mv v ( v F) 4 |“ inv -( r ) if v e 

I inv w (F) otherwise. 

The (positive definite) hermitian form on V F is denoted p (a:i,X 2 ), and the 
associated F-quadratic form is p i?(x) = p (x,x). 






62 


F. ANDREATTA, E. Z. GOREN, B. HOWARD, K. MADAPUSI PERA 


5.2. Reflex algebras and Clifford algebras. Associated with (y,J2) is 
the Q-quadratic space 

(5.2.1) (V,Q) = (r,Tr m oJ2) 

of signature (n, 2) = (2d - 2,2). 

Let be the total reflex algebra associated with E. It is an etale Q- 
algebra whose associated TQ-set is canonically identified with the set CM (E) 
of CM types for E\ see § 13.41 

Proposition 5.2.1. The relation \5.2.1\) determines a distinguished embed¬ 
ding of Q -algebras E^ ^ C + (V). 


Proof. The .E-action on V = Y gives us a decomposition 


(5.2.2) C Qalg = © r(0, 

i€Emb(E) 


into one-dimensional <Q alg -vector spaces, where Y(i) = Y <2>e,l Q alg - By 
construction, the quadratic form Q induces a perfect pairing 

r(0 x y(i) - Q alg . 

Therefore, for each embedding ij: F -*■ Q alg , i = 0,1,..., d - 1, Q restricts to 
a non-degenerate form on 

% = y Q alg . 


If i ± j then Y{ and Yj are orthogonal, and so we obtain a Q alg -linear 
orthogonal decomposition 


^Q al g - © % 
i=0 

into two-dimensional non-degenerate quadratic subspaces. In turn, this gives 
us a natural r^-stable commutative subalgebra 


(5.2.3) ©C + (^)c C + (C Qalg ), 

i =0 

which descends to a Q-subalgebra B c C + (V). 

We claim that there is a canonical isomorphism of Q-algebras E^ —> B. 
For this, it is enough to show that there is a canonical isomorphism of Tq- 
sets: 

Hom Q _ alg (E,Q alg ) ^ CM (E). 

But this is clear from the description in (15.2.3p . since, for each i = 0,1,..., d- 
1, we have canonical isomorphisms of Q alg -algebras with an involution: 


E Q alg 4 C + (Y) ® Fm Q alg 4 C + (Y). 


□ 
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5.3. Morphisms of Shimura varieties. Assume now that d > 1, so that 
n = 2d - 2 > 0. Write H for C(V), viewed as a faithful representation of 

G = GSpin(V) 


via the left multiplication action of C(V) on itself. Using the inclusion 
c C(V) of Proposition 15.2.11 the group T f j also acts faithfully on H 
via left multiplication. The torus T = T e /T e can be identified with the 
intersection of G and T E % inside of GL (H). In other words, there is a 
cartesian diagram 


T 


Nm* 


Tei 


G --GL (H) 


in which all arrows are injective. Here, Nm* is the total reflex norm defined 
in § 13.41 

Now, we have canonical identifications 

Res£ /Q SO(r) = T E = T so 

of tori over Q. This exhibits T so as a maximal torus in SO(U), and it also 
identifies V with the standard representation Vo of T. Moreover, we have a 
commutative diagram 


1-— G m -- T -- T so -- 1 

1-- G m -- G -- SO(U)-- 1 

with exact rows, and all vertical arrows are injective. 

Via the decomposition (15.2.21) . we obtain a T(C)-stable line 

z cm = c r c - 

This line is isotropic with respect to the quadratic form Tt f /q o J2, and we 
use (|5.2.1D to view z cm as a point of the hermitian domain (14.1.11) . 

The morphism T -> G induces a morphism of Shimura data 

(5.3.1) (T,{/t 0 })-(G,P) 

mapping (j,$ to z cm e V. 

As in 21 let L c V be a maximal lattice of discriminant Dl. Recall 
that the choice of maximal lattice determines a compact open subgroup 
K c G(Af) and a Shimura variety (14.1.3D . with a canonical model M -+ 
Spec(Q). 

Consider the compact open subgroup Kl ,o = Kq n K c T(Aj). In § [3l 
we associated with it a zero dimensional Shimura variety Yk, 0 , as well as a 
normal integral model over Oe- From now on we abbreviate 

y = y KLfi . 
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This is an arithmetic curve over Oe , whose generic fiber we denote by Y ->■ 
Spec (E). By the theory of canonical models, we now obtain a morphism 

(5.3.2) Y M 

of Q-stacks, induced by the morphism of Shimura data (15.3.11) . 
Proposition 5.3.1. The map (15.3.21) extends to a map of 1,-stacks 

y^M 

Proof. This follows from Proposition 13.6.21 and assertion (4) of Proposi¬ 
tion 14.4.11 □ 

We will need some information about the compatibility of this map with 
constructions of automorphic sheaves. For this, fix a prime q c Oe lying 
above a rational prime p , and an auxiliary quadratic lattice L° of signature 
(n°, 2), self-dual at p and admitting L as an isometric direct summand. As¬ 
sociated with it is the Shimura variety M° with a smooth integral canonical 
model A4^ over Z( p ) and a finite map A4( p ) -*■ A4^. 

From Propositions 14.2.41 and 14.2.51 we obtain functors Ni p ) i-> and 

lV(p) i-» Nf ris from d = f GSpin(L| ( . ^representations to filtered vector 
bundles over A4^ and F-crystals over Mp p , respectively. On the other 
hand, any -representation gives a Q- represent at ion N = N^[p^] 
of T, and a Ao,L-stable lattice N p = ® Z p c Nq p . Therefore, by Propo¬ 

sition [333] (or more precisely, its proof), it gives us a filtered vector bundle 
N dR over T( q ) = T O e ^ q) , and an F-crystal N cris over TV q - 

Proposition 5.3.2. There are canonical isomorphisms 

N dK N dK \y M ; N cris -► 

of filtered vector bundles and F-crystals, respectively. 

We omit the proof of the proposition, which follows immediately from 
unwinding the constructions. The main point is that both constructions, 
when restricted to the completed etale local ring at a point y e T(IF'q), 
recover the functors N p i-»- N ( iR.o y and N p ^ N cr i S)V of Corollary 13.5.41 
obtained from Kisin’s functor VJt 

For any prime p, note that the F-action on V gives us an orthogonal 
decomposition: 

% = ©^p, 
p |p 

where p ranges over the p-adic places of F, and where we have set V p = 
Fq ®pV. For each p | p, set 

L p = Lp n Pp c Pp • 

Definition 5.3.3. Call a prime p good for L, or simply good , if the following 
conditions hold: 
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• For every p | p unramified in E, the Z p -lattice Lp is C^p-stable and 
self-dual for the induced Z p -valued quadratic form. 

• For every p | p ramified in E , the Z p -lattice Lp is maximal for the 
induced Z p -valued quadratic form, and there exists an (9/^-stable 
lattice A p c V^, such that 

A p c Lp % ^ E<l / Fp Ap- 

Here q cO £ is the unique prime above p. 

All but finitely many primes are good: Choose any (9^-stable lattice 
Ac L. Then, for all but finitely many primes p, Ai p = L% p will be self-dual 
and hence good. 

We will call a prime bad if it is not good, and we let D^ad be the product of 
the bad primes. If we wish to make its dependence on the lattice L explicit, 
we will write Db a d,L for this quantity. 

Lemma 5.3.4. For every p \ Db a d> we have 

Kl,o, p = K 0)P c T(Q p ). 

In particular, y is finite etale over . 

Proof. Note that Kp^.p contains the subgroup Z* of scalars. Therefore, it is 
enough to show that the image R'o,p,so of R'o,p in T so (Q p ) is contained in the 
discriminant kernel of L% p . This is easy to see from the explicit description 
of L% p in Definition 15.3.31 as well as of Kq jPjSO in (13.2. ip . 

There are two main points: First, Ko, PySO preserves all Oe , p -stable lattices 
in Lz p . Second, for any prime p c Of ramified in E with q c Oe the prime 
above it, if a e then a and a are congruent mod t>E q /F p - 

Combining these two facts, if A p c Lp is a maximal C^n-stable lattice, 
then -Ko,p,so stabilizes A p and acts trivially on &£ /f v A p /A p . This implies that 
it stabilizes Lp and acts trivially on L p /L v . Since L v /L is a subquotient of 
®p Lp/Lp, we hnd that Ko tPySO preserves L and acts trivially on L v /L. □ 

5.4. The space of special endomorphisms. 

Proposition 5.4.1. Suppose that y e T(C). Then V{A y ) = 0. 

Proof. Let z cm = fC(tg) c c Vc be as in £15.31 The proposition amounts to the 
statement that there are no positive elements leh that are orthogonal to 
z cm . But if such an x existed, then it would generate the one-dimensional 
F?-vector space Y = V, and, since z cm c Yc is FI-stable, this would imply that 
every element of V is orthogonal to z cm , which is clearly impossible. □ 

Recall that V is isomorphic as a T-representation to the standard repre¬ 
sentation Vo = V(H o, c) from £13.61 If we are viewing V or Vo as an .E-module, 
we will emphasize this by writing Y and Yq, instead. There is a canonical 
Hermitian form on Yq\ For x,y e Yq, we define (x,y) o e E by the relation 
xoy = (x,y) o as elements of End(Eo). Under the isomorphism Y —* Yq, the 
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Hermitian form on F induced from £} is carried to the form £(x,y) o, for 
some element £ € F such that Lo(f) < 0 and L j(0 > 0, f° r 3 > 0. 

The lattice Lg c V^ f is Ao,L-stable, and we have a /\o,L-equivariant em¬ 
bedding Lg >-> End c(l)(Hi£). From this data, and the constructions in § 13.31 
and §E31 we obtain embeddings 

(5.4.1) V? End C ( L )(H?)\y 

of sheaves over y for ? = T?, dR, cris. The images of these embeddings are 
local direct summands of their targets when ? = B,£, but not necessarily 
when ? = dR,cris. However, we have an embedding 

(5.4.2) Trris.o ^ End ^^ j (Tf r ris)olv 

in the isogeny category associated with the category of E-crystals over T- 
The next result is clear from the definitions and Proposition 15.3.21 

Proposition 5.4.2. For any y-scheme S, and any prime p, 

F(Hsb~])cEnd c(i) (Hsb~]) 

consists precisely of those endomorphisms whose homological realizations 
land in the images of the embedding (15.4.11) for ? = p over 5[p -1 ]. and 
in the embedding (|5.4.2p for ? = cris over Sw ■ In particular, 

V(A S ) c Endc( L )(H 5 ) 

consists of those endomorphisms whose £-adic realizations over land 

in the image of the embedding (15.4.ip . and whose crystalline realizations 
over Sv p land in the embedding (15.4.21) . 

Fix a rational prime p. Let q c Oe be a prime above p, let p c Of be the 
prime below q. 

Proposition 5.4.3. If p is split in F, then 

V(A y ) = V(A y [p°°]) = 0 

for allyey( F* lg ). 

Proof. Indeed, V(A y [p°° ]) c V a s s ,y\p~ 1 '\ tp=1 = 0, by Proposition 13.6.11 □ 

By Propositions l5.4.fl and l5.4T3l for a geometric point y of y, if V(A y ) * 0, 
then y must be an Fq lg -valued point with q c Oe the unique prime lying 
above a prime pc Of that is not split in E. 

Until otherwise specified, we will assume from now on that we have fixed 
the data of such p,q and y. In this case, by Proposition 13.6.21 the abelian 
variety A y is supersingular. Therefore, for any prime £, the natural map 

® End(Hj / ) -*■ End(A y [^°°]). 

is an isomorphism. This implies that, if £ 4 p, then the natural map 

(5.4.3) V{A y [rf) - V e , y 
is an isomorphism. 
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Also, if l - p, then the natural map 
(5-4.4) V(A y [p°°]) Q - V CTis , y [p- l r l 

is also an isomorphism. Moreover, by Proposition I3.fi.ll V^ r is, 2 /[p _1 ] is gen¬ 
erated by its (^-invariants. 

For any ?, since E acts T-equivariantly on V, we have a natural map 
E -*■ End(V?)Q giving an action of E on V? in the appropriate isogeny 
category. In particular, if y is as above, then, via the isomorphisms (15.4.311 
and (15. 4. 411 . the space V’(A 3/ [£°°])q has an E-action, making it a rank 1 
module over ®q E. If we want to emphasize this structure, we will write 
'V(Ay[£°°])Q for this space, and V(A y \l°°]) for the lattice V(A y [£°°]) within 
it. 

Recall that there is a natural quadratic form Q on V ^A y \_i°°'\') induced 
from composition in End(A y [^°°]). There is now a unique Hermitian form 
(-,-}e on '^ / (Aj / [£°°])q with associated Q£®QE-quadratic form J3t(x) = (x,x)e 
such that, for any x, we have: 


Q(x) = Tr(Q t9QF )/Q t ('2i(x)). 

Set 

*w~])=nnAF”])- 

i 

Then oo])q has the structure of a Hermitian space over A ^e- 


Proposition 5.4.4. The Hermitian space 'Y{A y \o o])q is isometric to p Ey, 
where is the nearby Hermitian space from Definition \5fT7^ 


Proof. For each prime i ± p, (|5.4.3I) shows that '^ / (Aj / [f x> ]) is isometric to 
Li r This shows that '¥(A y [ oo])q is isometric to % , and hence to p '^a / , 
away from the prime p. 

Now consider what happens at the prime p. By (|5.4.4p there is an isometry 

nAy[p°°]h - v cr - ls;y [p- l Y=\ 

and there is an orthogonal decomposition 

U:ris.;y f P ] — U[p ]cris,pG 
P'l P 

where p' ranges over the primes in Of lying above p. By the proof of 
Proposition 13.6.11 for each p' we have 

V[p _1 ] cr is,})' = 4 A (iT 0 ,cris,p',c)b“ 1 ]. 

Under this isomorphism, the Hermitian form on [p 1 ] cr is,p' is carried to 
the form £(•,•), where (-,-) is the Hermitian form induced from composition 
in End(iT 0 ,cris,p'). 

If p 't p, there is an isomorphism of E-crystals 


By ®O f H 0 ->■ iTo,cris,p', 
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where the left hand side is equipped with the semi-linear map Fr d ° ® 1. 
Therefore, we obtain an isomorphism 

carrying the Hermitian form on the left hand side to £(■, -}o. This shows that 
'^ / (A j/ [oo])q is isometric to and hence to p Ta f away from the place p. 

Finally, if p' = p, the T-crystal iTo,cris,p is the Dieudonne F-crystal of a 
Lubin-Tate group over Oe,c\ associated with some uniformizer n e E q . If q is 
unramified over F and n is chosen to lie in Fp, then Proposition 12.3.31 shows 
that we have an isomorphism 

vb-'ci , 4 e > *> 

carrying the Hermitian form on the left hand side to 7r£(v)o- 

Ifq is ramified over F and n is chosen to lie in Fp , then Proposition 12.3.31 
shows that we have an isomorphism: 

- Ep ® E % 

carrying the Hermitian form on the left hand side to 7£(v)o> where 7 = (5/3, 
for some /? e W* satisfying 7 rFr d °(/ 3 ) = W/3. 

In either case, it is easily checked that this establishes an isometry of 
^[P _ 1 ]cr7sp P ^p- This finishes the proof of the proposition. □ 

Proposition 5.4.5. Suppose that p is not split in E and that q c Oe is the 
unique prime above it. Fix a point y e T(Fq lg ). Then A y is a supersingular 
abelian variety. Moreover: 

(1) V(Ay)* 0; 

(2) The natural map 

(5.4.5) Z® z V(A y )^V(A y [ 00 ]) 

is an isometry of quadratic spaces over Z. 

Proof. It was already observed above that A y being supersingular follows 
from Proposition 13.6.21 

From Proposition 15.4.41 we find that, for any prime £, the rank of the 
Z^-module V (H^^ 00 ]) is equal to 2d = dimH. Moreover, we can find a finite 
extension of F q over which y, and all the elements of V(A y [l°°f) are defined. 

This shows that |Madl4l Assumption 6.2] is satisfied, and so our propo¬ 
sition now follows from [loc. cit., Theorem 6.4]. The statement of the cited 
result assumed p > 2 , but its proof goes through without this assumption. □ 

Corollary 5.4.6. 

(1) For any connected y-scheme S, V(As)q has a canonical structure of 
an E-vector space equipped with a positive definite Hermitian form 
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(2) We have V(As)q = 0 unless the image of S y is supported on a 
single special fiber TF q with q c Oe a prime lying over a non-split 
prime p c Of- 

(3) If S -* y is supported on a single special fiber TV q as in (2), then 
there is an isometry 

V{A S ) 

of Hermitian spaces over E. Here, we have written 'V( k As)<q for 
V{As)q equipped with its additional Hermitian E-vector space struc¬ 
ture. 

Proof. From Proposition 13.5.61 we obtain an embedding T •-+ Aut°(A, 5 ), 
whose homological realizations are the maps 0?(H) of [loc. cit.]. This implies 
that K(A. 5 )q c End< 7 (n(As)(Q) is a T-stable subspace. 

First assume that S' is a geometric point y e T(Fq Is ), where q c Oe lies 
over a non-split prime p c Of- For any t 4 p, by (j5.4.3)l . V(A y )<Q t is iso¬ 
morphic as a Tq ( -representation to Vq r It is easy to see that, for each £, 
the E action on Vq ( identifies Eq £ with the commutant of Tq ( in End(I/Q ( ,). 
Therefore, the commutant of T in End(K(A y )Q) is a commutative Q-algebra 
that, for every i 4 p, is isomorphic to Eq ( over Q^. As such, this commu¬ 
tant must be the field E. In this way, we obtain an E-action on V(A y ) q, 
making it a 1-dimensional E-vector space, which is irreducible as a repre¬ 
sentation of T. In particular, there is a unique Hermitian form (■,•} on it, 
which when composed with TrpyQ gives the canonical quadratic form on 
V(A y ) q, It now follows from the Hasse principle for E-Hermitian spaces, 
and Propositions 14.6.4115.4.41 and 15.4.51 that we have an isometry 

y(A y ) Q ^y 

of Hermitian spaces over E. 

If S is any T-scheme with V(Ag) 4- 0, it follows from Proposition 15.4. 11 
that the image of S in y does not intersect the generic fiber Y, and thus is 
supported in finite characteristics. Suppose that s e 5(Fq lg ) is a geometric 
point lying above a point y e T(Fq lg ). This implies that q lies over a non¬ 
split prime p c Of- Moreover, since Y(A y )Q is an irreducible representation 
of T, the map 

V(A S )q -»■ y{A y )Q 

must be an isomorphism. In particular, I/(A,s)q has a canonical structure 
of a Hermitian space over E, equipped with which it is isomorphic to P "E. It 
follows from this that the image of S in y has to be supported over Tf, • □ 

6. Arithmetic intersections and derivatives of L-functions 

Keep E/E and (Y,J2) as in T5.ll Once again define a Q-quadratic space 

(V,Q) = Cr,Ti-F /Q oJ2) 














70 


F. ANDREATTA, E. Z. GOREN, B. HOWARD, K. MADAPUSI PERA 


of signature (2d -2,2) = (n, 2), where d = [F : Q]. We will assume that 
d > 1 , so that n > 0 . 

Let x '■ {±1} be the quadratic character defined by the CM extension 

E/F , and let Dp and Dp be the discriminants of E and F. If we set 
r R (s) = 7r _s / 2 r(s/2), the completed L -function 


( 6 . 0 . 6 ) 


A(s,x) = 


D e 


D f 


s/2 


r R (s + iy l(s,x) 


satisfies the function equation A (1 - s,x) = A(s,x)- Furthermore, 


(6.0.7) 


A'(0,x) L'(Q,x) [ l lo . De 
A (0,x) L( 0,x) 2 ° S Df 


dlog( 47 re 7 ) 

2 


where 7 = —r'(l) is the Euler-Mascheroni constant. 


6.1. Incoherent Eisenstein series. Recalling the standard additive char¬ 
acter i/jq : Q\A -»■ C x of A4.71 dehne 

■ F\A f -> C x 

by ipF = AQ° Ti f/q . 

If v is an arichmedean place of F, denote by % J V the unique positive definite 
rank 2 quadratic space over F v . Set = n,.|oo ( ^>v The rank 2 quadratic 
space 

c g = c g 00 *y 

over Ap is incoherent , in the sense that it is not the adelization of any F- 
quadratic space. In fact, ^ is isomorphic to "V ®p Ap everywhere locally, 
except at the unique archimedean place lq at which Y is negative definite. 
To any Schwartz function 

<Poo ® € S (% DO ) 0 S(Y) 4 S(tf) 

we may associate an incoherent Hilbert modular Eisenstein series via the 
process described in Kud97. IKYIOI lYan05] . Briefly, the construction is as 
follows. Denote by I(s,x) the degenerate principal series representation of 
SL 2 (Aj?) induced from the character x| • \ s on the subgroup B c SL 2 of upper 
triangular matrices. Thus I(s, x) consists of all smooth functions <1>(g, s ) on 
SL 2 (Aj?) satisfying the transformation law 

*((“ a -i)^ s )=A(«)H s+1 ^(ff,^)- 

As in S3 the Weil representation (determined by the character tpp) 
defines an action of SL 2 (Ai?) on S^), and the function 

Ha, 0 ) = u>tf(g)(<poo ® t 0 (°) 

lies in the induced representation 1(0, x). It extends uniquely to a standard 
section Q(g,s) of I(s,x)y which determines an Eisenstein series 

(6.1.1) E(g,s,$)= Y, $(7 S.s) 

^B(F)\SL 2 (F) 
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on SL 2 (Af). As in [Knd97l Theorem 2.2], the incoherence of ^ implies that 
E(g,s,&) vanishes identically at s = 0. 

Endow Ap with the Haar measure self-dual with respect to and give 
F\Ap the quotient measure. For every a € F define the Whittaker function 

(6.1.2) W a (g,s,$)= [ <fr(wn(b)g, s) ■ if F (-ab) db, 

ja f 

where w = (i _1 ) and n{b) = ( 1 J). The Eisenstein series (16.1.111 has a 
Fourier expansion 

E(g,s,<S>) = Y, E a (g,s,$) 

atF 

in which the coefficient 

E a (g,s,<S>) = U E(n{b)g , s , <h) • ifp^-ab) db 
is related to the Whittaker function by 


(6.1.3) 


Ea(g,S,<f>) 


\w a (g,s,®) ifafO 

|^(ff,s) + W 0 (g,s,$) if a = 0. 


The degenerate principal series decomposes I(s,x) = ® v Iv(s, Xv), where 
the tensor product is over all places of F. There is an obvious factorization 
= ‘hoo ® <1 ?f into archimedean and nonarchimedean parts, which induces a 
corresponding factorization 


kF a ( £/, S j l f > ) — kF Q)00 (5oo; S, $00 ) ' 'Wa,f(9f > ® > ^/) 

of the integral (16.1.21) . In practice there will be a further factorization p = 
® p p p e5("f) over the rational primes, and hence a factorization 

111 v(h■ s, </?) = 00 (^9 00 j s, (f>oo )' } J kF Q] p(^p, s, Pp) 

p 

of Whittaker functions. When the component p p admits a further factor¬ 
ization ip p = ®p|p<^p so does 

W a . p (g p , s, p p ) = J”J W a ,p(gp, s, Pp)- 

p| p 

From now on we will always take the archimedean component p^ of our 
Schwartz function to be the Gaussian distribution 

plo = ®plt<S> S{^v) 

V\0Q 

defined by p},(x) = e ~ 2 ' n ^ v ^ (J2 V is the quadratic form on %,.) By [KY101 
Lemma 4.1] the resulting Eisenstein series (|6.1.1D has parallel weight 1. As 
the archimedean component will remain fixed, the section <F is determined 
by p e S(Y), and we will often write 

E(g,s,p) = E(g,s,$). 
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6.2. A formal g-expansion. As in the previous section, fix a Schwartz 
function tp e S(Y), and let E(g, s, <p) be the corresponding incoherent weight 
1 Eisenstein series on SL^Aj’). 

For any t e T~L d let gf e SL 2 (A p) be the matrix with archimedean compo¬ 
nents 

1/2 \ 




1 Ui 


-!/2 


and take all finite components to be the identity matrix. Here 
u = (wo, • • • ,u d -i), v = (vo,...,v d -i) 

are the real and imaginary parts of f. Exactly as in (BKY121 (4.4)], define 
a classical weight 1 Hilbert modular Eisenstein series 

1 


E(f,s,<p) = 




•E(g f ,s,(p), 


where N(v) = vq— v d -\. Its derivative at s = 0 has the Fourier expansion 

E '(f,0,ip) = J— ■ X! E' a (g?,0,<p). 

\/N(v) aeF 

As in [Kud97 . KY13] . for any a e F x define the difference set 
Diff(a) = {places v of F : does not represent a}. 

Usually a will be totally positive, in which case 

Diff(a) = {primes p cO f does not represent a} 

= {primes pc0 f :^(a)t invp(Y)}. 

Remark 6.2.1. Note that Diff(a) is a finite set of odd cardinality, and any 
place v € Diff(a) is nonsplit in E. If p c Of is a finite place, then Diff(a) = 
{p} if and only if a is represented by the nearby hermitian space of 
Definition 15.1.21 

All parts of the following proposition follow from the statement and proof 
of (BKY121 Proposition 4.6]. 

Proposition 6.2.2. For any totally positive a e F we have 

1 


Xte o, v )-^4-r 


\J N(v) ° v ' A(0,%) 

for some constant aF(&,<p) independent of t. Furthermore: 

(1) If |Diff (or)| > 1, then ap(a, ip) = 0. 

(2) If Diff(a) = {p}, then 

^h^A £ Q( v ).logJV(p). 

A( 0,x) 

where Q(<p)/Q is the extension obtained by adjoining all values of ip. 
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Now we study the constant term. Much of the following proposition is 
implicit in the statement and proof of [BKY121 Proposition 4.6], but the 
relevant part of [loc. cit .] is misstated, and we need more information than 
is found there. 

Proposition 6.2.3. There is a meromorphic function M(s,ip) such that 

(6.2.1) E ° ( YY ) = m ■ JV(5) ,/2 - ' ■ M( s , <p). 

y/N(v) A(s + l,x) 

If ip = factors over the primes of Of, then so does 

M(s, ip) = Y\M p (s,(p p ). 

p 

Each factor Mp(s,<pp) is a rational function, with coefficients in Q(ipp), in 
the variable N(p) s , and all but finitely many factors are equal to 1. Finally, 

a F (0,(p) 


( 6 . 2 . 2 ) 


■K(9f,0,ip) = ¥>(0) log N (v) + 


\/N(v) UV V A(0,x) 

where the constant a F (0,<p) is defined by the relation 

aF<0 -* ,) =- 2v (0).4Ylh_Af'(0, v ). 


A(0,x) 


A(0,x) 


Proof. Assume that tp = ® p (/9 p admits a factorization over the finite places of 
F, so that there are similar factorizations 

®(g, s) = n ®v(g, s ), Wo(g, s, <4>) = n W Q>v (g, s, $„) 

V V 

over all places of F. We define 

M(s,<p) = nMp(^p), 
p 

where 

(6.2.3) Mp(s, pp) = N(P) /! P , )/2 • L f r + 11 • W 0>P (I, s, 4> p ) 


7p00 Lp (s,x) 

N(p)/(P )/ 2 Lp(s+l, X ) r * , ru\ \ ju 
7 p(r) Lp(s, X ) Jf p y h > 


Here / € SL 2 (Pp) is the identity matrix, /(p) = ord p (®fD e / f ), where 
and D e / f are the different and relative discriminants of F/Q and E/F, 
respectively, and 


(6.2.4) Ipif) = Xp(-l) •invp(Y) •e p (x,V’F) e {±1,±*} 

is the local Weil index (relative to if f) as hr |Yan05| . These satisfy 
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Note that for a given (p, all but finitely many p satisfy Mp(s,ipp ) = 1. This 
is an easy exercise. Alternatively, as two factorizable Schwartz functions are 
equal in all but finitely many components, it suffices to prove the claim for 
any one factorizable Schwartz function. This is done below. 

Extend ip h* M(s,ip) linearly to all Schwartz functions. Combining the 
definition (J6.2.3I) with the calculation 

WoMdf, s, Toe) = + . N{d) d-s)/2 

r R (s + 2) d 

of [Yan05. Proposition 2.4], we find 

W 0 (g f , s, $) = -N(i )) (1 ~ B)/2 , • M(s, p). 

A(s + l,x) 

Plugging this equality and 

$(g f , s) = N(v)( s+1)/2 ■ $(/, s) = JV(7) (s+1)/2 ■ <p( 0) 
into the equality 

Eo(gf,s, p) = $( 5 f, s) + W 0 (g?, s, <f>) 

of (16.1.31) proves (16.2.11) . As the left hand side of (16.2.11) vanishes at s = 0, 
the functional equation A(1 - s,x) = A(s,x) implies M(0,ip) = p>( 0), and 
(16.2.21) then follows directly from (16.2.11) by taking the derivative. 

It only remains to prove the claims concerning the rationality of the local 
factors Mp(s,tpp). First we describe Mp(s,ipp) for a specific choice of ipp. 
Fix an isomorphism 

(6.2.5) (r p ,^ p ) A (F p ,^p ■Nm £p/Fp ) 

with £ p e F p x . If p is either split or ramified in E, we choose this isomorphism 
so that £p € Op p . If p is inert in E, we choose the isomorphism so that 
ord p (£p) € {0,1}. Now let <p v be the characteristic function of Oe,p c E v = Yp. 
For this choice of Schwartz function, the calculations of |Yan05] (see also 
Corollary 17.1.91 below) show that 

. . (n(p) - 1 • if p is inert in E and inv p (Y) = -1 

Mp(s, <Pp) = 1 V PV 1 

I 1 otherwise. 

By the linearity of ipp >-> Mp(s,<pp), it now suffices to show that when 
<fp(0) = 0, the function 

(6.2.6) l p( s ’X) . M p (s, ipp) = • f $ p (wn(b),s) db 

Lp(s + l,x) 7p(' ) Jf p 

is a polynomial in N(p) s with coefficients in Q(ipp). We assume </?p(0) = 0 
in all that follows. 
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If |6| < 1 then & p (wn(b),s) is independent of s, by the definition of a 
standard section. If |6| > 1 then the factorization 

= (l ~b ) (ft " 1 l) 

shows that 

$ p (u;n(6),s) = xp(6)|6r s “ 1 $p^^i 1 J>°j • 

As <bp(g,0) is locally constant, this last equality also implies that for all b 
outside of some sufficiently large ball p~ c , we have 

<hp (wn(b),s) = Xp(6)|6p s_1 $p(/,0) = Xp(fr)H' s 'Vp(0) = 0. 


Using these observations, one can check that (16.2.61) is a polynomial in N(p) s 
by decomposing the integral as a sum of integrals over annuli p k \ p fc+1 in 
the usual way. 

For all sufficiently large c we have 


— f $ p (wn(b),0)db = —}— f <S> p (wn(b),0) db 
7pW) Jf p 7 P W ) J v~ c 

-f f (p p (x)'ifjF' P (b£?(x) s ) dx db 
= Lj v{x) u. ipF,p(bJ2 p (x)) dbj dx. 


The second equality is easily obtained from the explicit formulas IIV12. 
(4.2.1)] defining the Weil representation. In the above equalities, Haar mea¬ 
sure on 'Vp is normalized as in IIIV12; Lemma 4.6.1], so that, for any iso¬ 
morphism (I6.2.5|) . 


VoI(O e , p ) = N( p) _ordp l/ 2 N( p) _ordp ). 


The Haar measure on F p is chosen to be self-dual with respect to i/jf, p, so 
that 

Vol(p~ c ) = N(p) c • Vo1(O f ,p) = N(p) c • N(p) _ordp ^ 2,F ^ 2 . 

The inner integral above is 


f ip FtP (b£ p (x)) 

J p~ c 



Vol(p- c ) 

0 


if £ p (x) € p c £ F ] p 
otherwise, 


and from this it is clear that the value at s = 0 of (16. 2. 61) lies in Q(<^p). 

By the interpolation trick of Rallis, as in jKYlfll Lemma 4.2], the calcu¬ 
lation above can be extended to show that the value of (]6.2.6I) lies in Q(yjp) 
for any s e Z>o- This shows that (|6.2.6I) has the form ii(N(p) s ) where 
R{T ) e C[T] is Q(</jp)-valued at infinitely many T t Z, and from this it 
follows that R{T) has coefficients in Q((/jp). 

This completes the proof of Proposition 16.2.31 □ 
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As in [BKY12[ Proposition 4.6], define a formal (/-expansion 
£(f,tp) = a F ( 0,<p) + E a F (a, p) ■ q a , 

where F + c F is the subset of totally positive elements. Its formal diagonal 
restriction is the formal (/-expansion 

= E a(rn,ip)-q m 

me Q 

defined by a(0, ip) = a F (0,p), and 

(6.2.7) a(m,ip) = E a F (a,<p) 

azF + 

^F/Q(a)=m 

for all m f 0. In particular a(m, <p) = 0 if m < 0. 


6.3. The Bruinier-Kudla-Yang theorem. Fix a maximal lattice L in 
the Q-quadratic space (V, Q). Recalling the Schwartz function e S(F) = 
S(V) of (14.7.11) . abbreviate 

a(m, p) = a(m, p^), a F (a, p) = a F (a , p,,) 
for any p e L v /L. 

Fix also a harmonic weak Maass form / e H 2 ~d,{pJL) with integral principal 
part. Let us temporarily denote by 


£(«,£(/)) = Ms + hx) f s . 


f = Z(f)eS d (ui L ) 

the image of / under the Bruinier-Funke differential operator of (14.7.31) . 
Decompose /(r) = Y/j, where the sum is over p e L v /L, and define 

a generalized L-function 

exactly as in [BKY121, (5.3)]. Here t = u + iv £ 1~L, and E(r,s,p) is the re¬ 
striction of the Hilbert modular Eisenstein series E{f, s, p) to the diagonally 
embedded T~L t -» T~L d . This L-function is an entire function of the variable s, 
and vanishes at s = 0. 

Abbreviate 

def v 1 \T(Q)\T(A f )/K Lfi \ 

" Jko |Aut(i/)|'* |T(Q) n Kl,o\ ’ 

where Y(C) is the set of complex points of Y, viewed as an E-stack. If we 
set 

y°° = y x Spec(z) Spec(C), 

then 


E 


i 


= 2d ■ deg c (Y). 


yey~(C) l Aut (d)l 
The following theorem is the main result of lBKY12j . 
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Theorem 6.3.1 (Bruinier-Kudla-Yang). In the notation above, 
4>(/,Y°°) _ £'(0,€(f)) t y a(m,fi)-c + f (-m,fi) 

2deg c (T) A(0, x) + ^h/L A (°>X) 

m> 0 


where <£(/) is the Green function for Z(f) appearing in $4- 7-4\ )> an d> using 
the morphism Y°°(C) -*■ A4(C) induced by L5.3.2\) . we abbreviate 


Hf,y°°) 


y HLv) 

o l Aut (y)l’ 


6.4. The arithmetic intersection formula. Exactly as in we may 
form the group of metrized line bundles Pic(Y) on y. 

Let Too : Y°°(C) -*■ y°°(C) be complex conjugation. As y is flat of 
relative dimension 0 over Oe , all Cartier divisors on y are supported in 
nonzero characteristics. If Z is such a divisor, by a Green function for Z we 
mean any Too-invariant M-valued function 4> on Y°°(C). Exactly as in £14.51 
we define an arithmetic divisor on y to be a pair 

Z = (Z,$) 


consisting of a Cartier divisor on Y together with a Green function. The 
codimension one arithmetic Chow group CH (Y) is the quotient of the group 
of all arithmetic divisors by the subgroup of principal arithmetic divisors 

div(’I') = (div(’L),-log |4'| 2 ), 


for ’L a nonzero rational function on Y- Once again we have an isomorphism 

pTc(Y)-CH 1 (Y). 


Remark 6.4.1. Any arithmetic divisor (Z,&) decomposes as (Z, 0) + (0,4>), 
and Z can be further decomposed as the difference of two effective Cartier 
divisors. 


To define the arithmetic degree , as in [GS9CLIKRY04IIKRY06] , of an arith¬ 
metic divisor Z as above, we first assume that Z = ( Z , 0) with Z an effective 
Cartier divisor. Then 


deg (Z)= E iog N (q) E 

°E z^Z(vf s ) 


length (Oz,z) 

|Aut(Y)| 


where Oz,z is the etale local ring of Z at z. If Z = (0,<L) is purely 
archimedean, then 


deg (Z) = 


1 y Hv) 

2 yty~(c) l Aut (y)l ’ 


The arithmetic degree extends linearly to all arithmetic divisors, and defines 
a homomorphism 


deg : Pic(Y) -*■ M. 
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We now define a homomorphism 

[•:y] : Pic(-M) M, 

the arithmetic degree along y, as the composition 

Pm(M) Pi~c(T) ^ K. 

Theorem 6.4.2. Recall the integer Db a d = Dy )ac j j j defined following Defini- 
tion \5. 3.1k For any f e with integral principal part, the equality 

[zjfyy] c'(o ,e(/)) f q (Qi o)• c /(Q’o) 

deg c (y) A(0, x) + A(0,x) 

holds up to a Q-linear combination of {log(p) : p \ D^}. 

Theorem 16.4.21 is the technical core of this paper; its proof will occupy all 
of $3 with the completion of the proof appearing in £17.81 

Remark 6.4.3. By Proposition 15.4.11 the Z-quadratic space of special endo- 
morphisms V(A y ) is 0 for any complex point y € T(C). By the very defi¬ 
nition of the special divisors Z(m,p), it follows that the image of y -» A4 
is disjoint from the support of all Z(m,p), and hence from the support of 
Z(f), in the complex fiber. As y is flat over Z of relative dimension 0, this 
implies that the image of y meets the support of Z(f) properly; i.e. the 
intersection has dimension 0, and is supported in finitely many nonzero 
characteristics. 

7. Proof of the arithmetic intersection formula 

In this section we prove Theorem 16.4.21 

7.1. Local Whittaker functions. Let p be a good prime, in the sense of 
Definition 15.3.31 and let p c Op be a prime above it. We will assume that p 
is not split in O e . Let q c Oe be the unique prime above p. 

Let m(p) and n(p) be the p-adic valuations of the different d Fp /<Q p and 
relative discriminant D E / F = Nm E /f p (^e /f p )> respectively. The integer 
n(p) is non-zero if and only if q is ramified over F. Set /(p) = m(p) +n(p); 
this is the p-adic valuation of ^F p /Q p F>E q /F„■ 

Let e(p) be the absolute ramification index of p. If p ± 2, then the only 
possible non-zero value for n(p) is 1. If p = 2, then n(p) belongs to the set 
{2e(p) + 1} u {2 i ■■ 0 < i < e(p)}. 

Since p is good, the quadratic space L p = L p n Vp contains a maximal 
d_E,q-stable lattice A p . Moreover, if p is unramified in E, then this lattice is 
itself self-dual and in particular is equal to L p . 

Fix a uniformizer 7r p € Op, p . If p is unramified in E , we will also write 7Tq 
for this element, when we view it as a uniformizer for Eq. If p is ramified in 
E, we assume that 7r p has the form Nm(7r (] ) = 7r p for a uniformizer 7Tq € Eq. 
Here Nm is the norm from Eq to F p . 

We will now explicitly describe the possibilities for A p . 
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• If p is inert in E. then the self-dual quadratic form on Lp is the trace 
of an ifq-valued Hermitian form. In this case, Lp = A p , and we have 
an isometry of Hermitian lattices: 

(Lp,(xi,x 2 )) - (O e , q,7r p m(p) xix 2 ). 

The nearby Hermitian module p L p = p A p is defined by 

( p Lp, p (xi,x 2 )) = (O e , q,7T p 7 " (p)+1 xixi). 

(In other words, the underlying C^q-module is the same, but the 
hermitian form is rescaled by 7r p .) 

• If p is ramified in E, with q c O e the prime above it, then, for 
an appropriate choice of unit (3+ € Opp, we have an isometry of 
Hermitian lattices: 

(A p , (xi,x 2 )) ^ (0 E , q ,/3 + TTp lu< ' p ' > x 1 x 2 ). 

The nearby Hermitian module p A p is defined by 

( p A p , p (®i,x 2 }) = (O s ,q,/3-7r p ?n(p) xiT 2 ), 

where /3_ = d/3+, and 5 e 1 + 7r p < ' p ' ) 1 O_F.f0 is such that x(J) = -1. 
(In other words, the underlying C^q-module is the same, but the 
hermitian form is rescaled by <5.) 

Let P E be the nearby Hermitian space as in Definition 15.1.21 Then, by 
construction, the nearby lattice p A p is a lattice in v Ep. Moreover, again 
by construction, we have an identification of Og^-modules (though not an 
isometry) 

(7.1.1) A p = p A p . 


Fix a coset 

A + A p c 7Tq n(p) Ap 

of Ap, and let P A + p A p be the associated coset of p A p obtained from the 
identification (17.1.11) . 

Let ^ p Va e S^Ep) be the characteristic function of ( p ^A+ ^A p . Here, 
and in the sequel, we will use the superscript ( p ) to indifferently denote 
objects related to both E and P E', e.g., S(^E P ) means either S(Ep) or 
S( p Ep). 

Write ( p )<hp e Ip(s,x) for the standard section associated with ^ p Va as in 
£16.11 with corresponding Whittaker function 

W a , p (I,s,^^)= f (p) $( )(wn(b),s)^ Fp (-ab)db. 

JFf, 


Let / e SL 2 (F p ) be the identity. For convenience, set 

W* (T s (P)cb A j = ^ p ^ ^ ^ 1 . w (To (P)* A j 
PV a,pV- Z > S ) A P ) ]V(p)/(P)/ 2 Wa ’ p ^ J " ,S '’ ^P' - 


2 If n(p) = 1, then we set 1 +np ( '^ 1 C ) F,p = Op p . 
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Here, 7 p(^'^ / ) is defined by (16.2.41) . 

The next result follows from |Kud971 Proposition 1.4], 


Proposition 7.1.1. Suppose that a e F p is not represented by ^Y p . Then 

W a , p (g p , 0, ( P } 4> p A ) = 0. 


Set 


and 

(7.1.2) 



if p is unramified in E 


if p is ramified in E, 


if p is unramified in E 

\/3-A m(rt 

if p is ramified in E. 


The proofs of the two propositions below are essentially contained in |HY121 
■4.6] and [Yan05j. In particular, see [ Yan05 , Propositions 2.1, 2.2, and 2.3 


Proposition 7.1.2. Suppose that p is unramified in E. 

(1) //ordp(a) < -m(p) ; then 

W a , p (I,s,^$ p°) = 0. 

(2) //ordp(a) > -m(p), then 

1 t ~ - - \-ks 


Wa. p (T S, Tp) 


Z/p(s + 1, x) 0<fc<ordp(o:)+m(p) 


E (~l) k N (p)~ , 


and 


W a , p (I, S , p <h p °) = W a ,p( J, s, 4> p °) - (1 + N( p)- 1 ). 

Proposition 7.1.3. Suppose that p is ramified in E. 

(1) //ordp(a) < -m(p), f/ien 

ir Q> p(i, s ,( p )$°) = o. 

(2) //ordp(a) >-m(p), f/ien 

TY* )P (W p) $£) = l + x P ( (p) e P a)iV(p)- (ordp( “ )+m(p)+n(p))s . 

Now, suppose that p is ramified in E. As above, let 7r q e F/ q be a uni- 
formizer, chosen so that Nm(7r q ) = 7r p . 

For any ai, 02 , C € -F*, write a\ = 02 (mod () to mean aj e a 2 (mod £0F : p). 


Proposition 7.1.4. Suppose that A i A p . 
(1) If p * 2, then 


(I s ( p )^) = { 1 */« e(P) ^( (P)a ) (mod^Cp) 

Q,p ’ p jo otherwise. 
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(2) Suppose that p = 2. Then 

a = £!( A) (mod £ p ) o a e p J( p A) (mod p £ p ). 

Moreover, W a $(I, s, ( p )<lA) is identically 0 unless these equivalent 
congruences hold, and when they hold we have 

= i + Xp ( (p) 4«Mp) _(n(p) " r(A))s > 

where r(A) e Z>q is the smallest positive integer such that A e 7r q A p . 

Proof. When p ± 2, this computation is contained in [HY121 Proposition 
4.6.4], When p = 2, the result appears to be new. We present a mostly 
self-contained proof here that covers both possibilities. 

For simplicity, write 4*, X, V 7 and £ for ^ p ^4>p, Xp, VtFp and £ p , respectively. 

By a standard argument, we have a decomposition: 

Wa.ptJ, a, $) = W a ,p(/, a, $) sl + W Q ,p(I, a, $) >1 , 

where 

PF Q) p(/, s, 4>)~ 1 = f 4>( wn{b))^{-ab)db ; 

~/|b|<l 

W Q) p(/,s,4>) >1 = [ X (b)\br^Hn-ib-^M-a^db. 

Here, n.^ 1 ) = ^-i and we have abbreviated 4>(g,0) to 4>(g). 

By the definition of 4>, and basic properties of the Weil representation, 
for any b € Of, p, we have 

4>(u;n(6)) = 7 P (^ P ^) f if{bJ2{x))dx 

J(p)A+(p)A p 

= 7 p ( (p) '^ / ) • if(b ■ (p) <S( (p) A)) • f ^(b-^^(x) + b-^{ M X,x)) dx 

JM A p 

= 7p( (p) ^) • ^(b • (P) ^( (P) A)) • if{b ■ ^J2(x)) dx. 

Here, dx is the Haar measure on that is self-dual with respect to the 
pairing 

(xi,x 2 ) i/;(Tr £ ; q/Fp ( (p) (xi,X2))). 

We have also used the fact that, for any x e A p , ^X, x) belongs to &f /q , 
and hence 


V>(6- (p) < (p) A,®» = 1. 
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Set s\ = Using 11V12 Lemma 4.6.1], we then obtain 


-m( p) yyy 
Tp p 


(1 + X{iy))^(by)dy 


$>{wn{b)) = N( p) J 

= Ar(p)-/( p )/2 7p (( p ) r)V; (5 SA ) 

oo « 

N (p ) m(p) / 2 + £ iV(p)~ fc x(£y)Hnpby)dy 

7 J O TP ^ 


k=-m(p) 

= N(py n W\(My)ip(bs x ). 


The second equality here is deduced by noting 
(7.1.3) 

_ J./V(p)~ r Vol(C>i?p) = JV(p) r ~ m(p >/ 2 if ordp(C) > r-m(p) 
10 otherwise, 


Uo F J ^ y)dy= {( 


and the last by using the following lemma, which is a standard Gauss sum 
computation, using the fact that x has conductor n(p). 


Lemma 7.1.5. For a e Fp, 

J 

1 


[ x (y)^ a y)dy4 N(Pr,< ’ m ' X(a) '‘ ,(X '’ l ’ ) ^ ord *<“> = 

Joy JK y> y (0 otherwise. 


Therefore, we have 

W a ,p(J, a, 4*)- 1 = lY(p)~" (p)/2 7p( (p) ^) ■ f if{{s x -a)b)db 

JOp.p 

JlV(p) _ -^ p )/ 2 • 7p( ( - p ' ) '^ / ) if a e sj (mod £) 
10 otherwise. 


(7.1.4) 


To compute lT ai p(/, s, $), we will need 

Lemma 7.1.6. Suppose that c e Of, p and that k = ord p (c) > 1. For any 
integer t e Z>i , set 


Up p - 1 + TTpOfTp. 


Set 


d(k , X) =2k- (n(p) - r(A)). 

Then 

‘ /u C r Jk X l)s ■ x(y)V’(-c _1 s A y)dy if " (p) 2 r(A) < A: < n(p) 

/Ol^L/^p J ^F,p 

0 otherwise. 

In particular, if p t 2, then W a ,p(I, s, 4>) >1 = 0. 


$(n_(c)) = 
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Proof. As in 11Y12 and YanOo . this uses the identity n_(c) = - wn(-c)w , 
so that 

<f>(n_(c)) = x(-l)<l>(u;n(-c)u>) 

= x(-!) ' 7p( (p) ^) ^(-c • (p) <S(x))w(uO( {p) P\)(x)dx 

= [. f ^(-Ti(^(x,y)))dy dx. 

J(p)y p J(p) a+(p)a p 

Here, we have used the identity 7p(^ p ^) 2 = CpCX;'*/’) 2 = x(~l)- 
For x e ^ p - ) 7p, set t A (x) = Tr(( p )(( p )A,x)). We compute 

[, .. ^(-Tii^ ] (x,y)))dy ^-ipi-txix)) f (x,y)))dy 

J( P)A+(P)Ap J A p 

= fV(p) _n(p)/2 • if-tx(x)) ■ char(vr^" (p) A p )(x), 

and hence 

<h(Mc)) = AT(pr (p)/2 f i/j(-c- (p) £(x) -tx(x)) dx. 

JlTq W 'A P 

If k > n(p) then 

ord p (c • (p) J2(x)) > k - n(p) - m(p) > -m(p) 

for all x e 7Tq"^Ap. Therefore, under this assumption, we have 

$(n_(c)) = A^(p)" n(p)/2 f_ n(p) i/j(-t x (x)) dx = 0, 

where we have used (17.1.31) . 

Now, suppose that k < n(p). Note that 

-c- ^ J2(x) - t A (x) = -c- ^J2(x + c _1 • ^A) + c _1 sa- 

Therefore, 

$(?z_(c)) = A r (p)“ n(p)/2 V’(c _1 s A ) ■ Cp)A+7r -„( P ) A ^(-c• {p) ^(x)) dx. 

Using Lemma 4.6.1 of IHY12I . we find 

4«(n_(c)) = A r (p) _(/(p)+n(p))/2 V’(c' 1 s A ) ■ T _ f( ) (1 + x{iy))^{~cy) dy 

Jc- 2 sx+ir p J ^’0 F , p 

= iV(p)' (/(p)+Tl(p))/2 V’(c“ 1 s A ) • f x{iy)^{-cy) dy. 

7c- 2 s A +7r p JW 0F, p 

Here, for the last identity, we have also used (17.1.3D combined with the 
inequality 

ordp(c) = k < n(p) = /(p) - m(p). 

If 2k > n(p) - r(A), then 

ord p (cT 2 s A ) = -2k - m( p) - r(A) < -/(p). 
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Therefore, the substitution y *-+ (c 2 s x ) 1 y , combined with the observation 
that x(s\) = x(0 gives us 

* (n ' (c)) = ' L™ x(yM-c- 1 s x y)dy. 

V°K u f, v ) 

If k > n(p) - then d(k,X ) > ra(p). Since % has conductor n(p), in this 

case we get 


$(n_(c)) = 


V>( c ^a) 

Vol (Upf X) ) JU Z 




which vanishes by (|7. 1.311 . 

If 2k < n(p) - r(A), then we have 


X 


c- 2 SA+7 r- /(p) 0 F , 


Xiy)'ip(-cy) dy= x{y)^{~cy) dy. 


In this case, it is not hard to see, using Lemma 17.1.51 that this integral 
vanishes, and hence that <h(n_(c)) = 0. 

□ 


When p ± 2, this, combined with (|7.1.4IL finishes the proof of Proposi¬ 
tion 17.1.41 Therefore, we now specialize to the case where p = 2. In this 
case, we have 

v J 2( v \) = <5i2(A), 

where 5 e Up^ 1 . From this, and the condition r(A) < n(p), it follows easily 
that the conditions 


a = J2( A) (mod £), aE p J( p A) (mod £) 

are equivalent. This shows the hrst part of assertion (2) of the proposition. 
For the second part, observe that Lemma 17.1.61 gives us: 


W Q ,p(i>,$) 


>i 


Z n (p) 

k 


-k(s+ 1) 


L 


\(6)4>(n_(6 1 ))'i p(-ab) db., 


/ ord p (6)=-/c 

where - < A: < n(p) + ord 2 ^ A , and the summand indexed by k is equal to 


(7.1.5) 


N( P) 


-ks 


Vol(t/^’ A) ) 


d (k,x)X(y) x(b)^(bTT p k (s x -a-s x y))dbdy. 

JU F,p' J ®F,p 


Now, we have 

ordp(vr p fc s A (l -y))=k- /(p) > -/(p), 

and therefore 

ord p (7T ~ k (s x -a- s x y )) = -k + ord p (s A (l - y) - a) 
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can equal -/(p) if and only if ord p (a) = k - /(p). So, using Lemma 17.1.51 
we see that 

f x(b)ip(bTT~ k (s A -a- s x y))db = iV(p)~ /(p)/2 • %(-s A ) • x(y ~ (1 - s~ x a)) ■ e p (x, ip) 

J °F, p 


if ord p (a) = k - /(p), and that it vanishes otherwise. Therefore (17.1. 51) is 
equal to 


jV(p)VXp)/2. 7p ((p)y).Af( p )- 
Vol (U^’ X) ) 


f TT d(k, A) x(2/(y - (1 - s x a))) dy 

U F, p 


if ord p (a) = k- f(p) 
otherwise. 


Here, we have also used the formula for 7 P (^ P ^) from (16.2.41) . combined 
with the identity y(s A ) = x(0 = inv p (^ p ^). 

Combining this with (|7.1.4p . we obtain 


(7.1.6) 


jlV(p) ks -M(a, A) if a $ s\ (mod £) 
jl + lV(p) _fcs • M(a, A) if a 5 s A (mod 1;), 


where k = ord p (a) + /(p), and where 

A ) = ,, UT ld(k,x), Lm, x(y(y " (1 ' s ^ a))) dy - 

vo](u F y ') - 7t Vp 

Now, if a e s A (mod £), then ord p (s^ 1 a) = 0, and so k = n(p) - r(A). 
Therefore, the proof of the proposition will be completed by the following 
lemma: 


Lemma 7.1.7. We have 


M(a, A) = • 


1 if a = s x 
-1 if a = s\ 
0 if a £ s\ 


(mod £) and represents a 
(mod £) and does not represent a 
(mod £). 


Proof. If a = s A (mod £) and ( p ^ represents a , then we can choose our 
coset representative ^A so that 

s A = (P) 42( (P) A) = a. 

Therefore, s^a = 1, and the formula for M(a,X) reduces to 


M(a, A) 


Vol (U^ k ’ X) ) 


f r M)X(y 2 ) dy- 

JU F, p 


1. 


If a = s\ (mod £) is not represented by ^Fp, then Proposition 17.1.11 
shows that 

1 + M(a, A) = VL* p (/, 0,4>) = 0, 


and so M(a, A) = -1. 
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Now, suppose that s \ (mod £). Set £ = 1 - We have 

f ud(k ,» x(y(y - 0) d y = J ud(k X) x(i - y' 1 C) d y 


'F,P 


F, p 


(7.1.7) 

Note that 


= L d( k,x)X^-yO dy 

JU F, p 

= x(-0 L k ^x{y-C l )dy. 

JU F, p 


ordp(C) = 


0 if k > n(p) - r(A) 

k - (n(p) - r(A)) if fc < n(p) - r(A). 

Moreover, when k = n(p)-r(A), ord p (£) is an integer between 0 and r(A)-l. 
In particular, we find that we always have 

n(p) - 1 - ordp(C) > d(k, A). 

Choose e Up^ 1 such that x.( r l) = -1- This choice determines . 
preserving bijection 


i a measure 


a:U 


d(k,\) 


F, P 


U' 


d(k, A) 


Cp 


byy H> y+(l _ J?)C 1 ■ We now compute 

f udC k, a) xfo " C 1 ) dy = J ud(k X) X (a(y) - C" 1 ) dy 


'Gp 


'GP 


L (fc ,A) x(*/ - '?C _1 ) dy 

JU F, p 


= - Ld^xiy l y-C l )dy 

J U F,p 

= - f ud( k,x) x(y-C l )dy. 


Combining this with (J7.1.7I) shows that M(a, A) = 0. 
This completes the proof of Proposition 17.1.41 


□ 

□ 


We now record a few more results that are easy consequences of Proposi¬ 
tions 17.1.2117.1.31 and 17.1.41 We omit their proofs. 


Proposition 7.1.8. We have 

-J 


7 pCO 


W 0i p(/, s, 3>p) 


_ l pC»x) \ f a 

AT(p)/(P)/2 Lp(s+l,x) A 

[0 if \ £ A p . 


Corollary 7.1.9. Let Mp(s,ip\) he as in (16. 2. 31) . Then Mp(s,ip\) is con¬ 
stant. In fact, it is either 1 or 0 depending on whether A is zero or non-zero. 

Proposition 7.1.10. Suppose that a e F x is such that Diff(a) = {p}. Set 
X(a, A) = {x e P A + p Lp : p £(x) = a e F*}. 
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(1) If X(a, A) = 0, then 

< p (/, 0,<h p A ) = 0. 

(2) If X(a, A) =£ 0 ; f/ien W ajP (7,0, p $ p ) =£ 0. Moreover, in this case, we 


have 

where 

£ p (a) 


log N (q), 


_ l p (q) 

W a , p (/,0,P$ p A ) " 2 

I" ord|] l s P a l +1 if p i s unramified in E 

[ord p (^ p 1 a) + n(p) if p is ramified in E. 


7.2. Nearby Schwarz functions. We will keep our notation from the pre¬ 
vious subsection. 

If p' | p is a prime of Of not equal to p, set p A p / = A p as Hermitian spaces 
over Oe,p- Note that p A p '[p _1 ] is isometric to P '^ P ', and set 

A P = ®A p q p A p = 0 p A p /. 

p'l p p'l p 

As in (17.1.11) . we have a canonical 0E,p-linear isomorphism (but not an 
isometry): 

(7.2.1) A p —> p A p c v y p . 

We set 

(p) Ap = ®(p , ) _n(p) ( (p) Ap')- 

p 'b 

Note that p Ap is not necessarily the dual lattice associated with p A p , but 
the notation will be convenient. 

Suppose that we are given a class 

A = (A p .) £ Ap/Ap = © ((p'r^Ap./Ap.). 
p'Ip 

Observe that the isomorphism (17.2.11) carries the coset A + A p to a coset 
P A + p A p of p Ap in p Ap. We have a further factorization 

p a+ p a p = n p v+ p v 

p'Ip 


Let v ip\ , e Sif'tp') be the characteristic function of P A P ' + p A p c We now set 

P( Px = (8) P( ^a p ,, 

p'Ip 


where p </7)y = *Va ,, f° r p ; I P; and where 


(7.2.2) 


V?A„ 


Va p if o rdq(A p ) > -n(p) 
0 otherwise. 
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Fix n € L v /L. Associated with this is the characteristic function e 
S(y) of the coset g + L. We will now associate with this class a nearby 
Schwarz function e S( P Y) as follows. First, we will have a factorization 

Va. = (8) € (8) C 5( p r). 

t t 

If £ ± p, then 9 Pn f = will be the characteristic function of ge + Lg under 
the obvious identification 

s( p r £ ) = s(n). 

If t = p, we can view g p + L p as a subset of A p , and, as such, it is a disjoint 
union 


p p + L p - |_| 

Xefip+L P 


A + A , 


of cosets of A p in A p . We now set 


(7.2.3) 


= E p ta = E (8) p tv- 

Xe/ip+Lp Xtfip+Lp p'\p 


As in the discussion of £16.11 let I(s, \) be the space of the degenerate prin¬ 
cipal series representation of SI^Ap.) induced from \j-| s , and let ^^(g, s ) 
be the standard section of I(s,x ) determined by the Schwartz function 

v»® (p V6 5(ifoo)®5(( p >r), 

Associated to this and each a e F is the Whittaker function 

W a (g,s^^) = W a , 00 (g x ,s^^ 00 )-W a j(g f ,s,^^ f ) 

admitting a factorization into infinite and finite parts. 

We have a decomposition of the finite part 

(p) <f^ = ®/ p) ^e®^(s,x), 

where ( p )<3?^ e Ie(s,x ) is the standard section associated with ^ p Vw This 
gives us a decomposition of Whittaker functions 

W aJ (g f ,s, < p >$p = [I W a/ (ge, s, ). 

i 

We have 

L,i P = E Aa tS{V p ), 

Xptfip+Lp 

where ip\ is the characteristic function of A+A p , and the analogous decompo¬ 
sition for p (^ p from (17. 2. 3D . Each coset A + A p admits a further decomposition 

A + A p = |_| Ap' + A p ', 

P'l v 

and so we obtain a finer decomposition 

(7-2.4) 7% = E ® TV’ 

A ptfip+Lp p'|p 

where tp\ , is the characteristic function of A P ' + Ap'. 
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7.3. Orbital integrals and Fourier coefficients. Normalize the Haar 
measure on 

T so (R ) = {s € (E R) x : ss = 1} 
to have total volume 1, and fix any Haar measure on 

T so (A f ) = {se E x :ss= 1}. 


There is an induced quotient measure on T so (Q)\T so ( A), and for any com¬ 
pact open subgroup U c T so (Af ) we have 


Vol([/) = 


I T so (Q) n U | 
\Ts o m\Tso(A f )/U\ 


Vol(T so (Q)\T so (A)). 


Definition 7.3.1. Fix a prime p c Of nonsplit in E, and let v ip € S(fF) be 
any Schwartz function on the nearby hermitian space P F = P "A ® A f of H5.ll 
For each a e F x define the orbital integral 

0(a, p <p) =--r [ v ip(sx)ds 

Vol(r so (Q)\T so (A)) ->T so (Af) 

for any x e 9 F with p (x,x) = a. If no such x exists we set 0(a, p <p) = 0. 


Proposition 7.3.2. Fix an a e F + such that Diff(a) = {p} for a single 
prime p c Of- Let q c Oe be the prime above p. Suppose that p lies above 
a good prime p. Then, for any /r e LA/L, we have 


Q-F(a,^) 

A(0, X ) 


= -4(a) • 0(a, p ^) - log A^(q), 


where 4(a) = 0 unless (f’p. p + ^L p ) n v F p represents a e F*, in which case, 
we have 


4(“) 


f ord p (a:)4-ra(p)+l 

I 2 

I ordp(a) + m(p) + n(p) 


if p is unramified in E 
if p is ramified in E. 


Proof. The proof proceeds as in [Kud971 Theorem 6.1]. The strategy is to 
relate the incoherent Eisenstein series E(g, s,<p p ) to a nearby coherent Eisen- 
stein series, whose Fourier coefficients can be computed using the Siegel-Weil 
formula. This information is then combined with the computations of local 
Whittaker functions in H7.1l to complete the proof. 

We begin by repeating the construction of the incoherent Eisenstein series 
from H6.ll but we replace the incoherent Ap-quadratic space x F by 

the coherent space 

x —■ *■ ®f Af, 

which differs from ^ only at the place p. 

Let tp v p e S(F P ) be the prime-to-p part of so that we have 

^ = ^®^e5(r p )®5(^). 
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By ( |7.2.4[) , we have p Pp = Z\ p£flp +L p ^P\ p , where p Xp admits a further 
product decomposition 

= El ! -P\' € ®p'S(y p >). 

p'\p 

Here, X p ranges over representatives for cosets of A p in contained in 
p p + L p . 

Set ip\ = <p\ p ® € S(y). We now have 

(7.3.1) a F (a,p) = ^ a F (a,tp\). 

X P ^l^p+Lp 

Fix A p e p p +L p . Choose any Schwarz function p c/?p e 5'( p ^ l ). This gives us 
a global Schwarz function Si^Y) admitting a factorization over primes 
P'c O f : 

P <p = ® P 'V P ', 

where p y p is our chosen function and, for p' t p, we have 

V = Tby € s( p r P o = 5(r P 0- 

If p (/9p is the characteristic function of P A P + p A p , then we will write p y A 
for the corresponding element of S( P Y). 

Let <f> A e I(s,x ) (resp. P< P e I(s,x)) be the standard section associated 
with ^ ® (resp. ® P ip). If P (p = v <p\, we will write P< F A for the section 
p d>, in agreement with the notation used in the local setting of £17.11 
There is a factorization 


I(s,x) = Ip(s,x) ® I p (s,x), 


into the p-part and prime-to-p-part. Since p\ and P p differ only at their 
p-components, our two sections <P A and p< h have the form 

T p = T p ®d* (p) , p $ = p <L p ® $^ p \ 

for a common section <&( p ) of / p (s,%). 

We now have a coherent Eisenstein series E(g,s, p <p) = E(g, s, p &) defined 
exactly as in (16.1.ID . and associated with the Schwartz function P <p. 

Given g,g r € SL 2 (A^) which have the same prime-to-p components, we 
deduce, using (16.1.31) . the relation 


(7.3.2) 


E a (g,s,$ ) = 


A W a}P (g p ,s,<S>$) 


E a (g',s, p $), 


Wa,p(g'p,S, p <$> p ) 

which is valid for all values of s at which W a ,p(gp, s, p< h p ) is non-zero. 

Suppose that g is such that g p - I e SL 2 (F p ) is the identity, and choose 
g' p and *V P such that W a ,p(g p , 0, p ) + 0. Then, using (17.3.21) and Proposi¬ 
tion [T7T7T1 we get: 


o,<h A ) 


w^,p(J,o,^) 

W a< p(g’ p , 0, p 4> p ) 


Ea(g', 0, p «h). 
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In the notation of Proposition 16.2.21 this equality implies 
3 3) aj’(a.A) a _ W^ p (1, 0,$ p A ) EM, 0,P$) 

A(0,x) q W a , v (g' p , 0, p $ p ) 


for all f e 'H d . 

If a is not represented by p A p + p A p , then assertion (1) of Proposition [TTTTlO] 
now implies 

=n 

A(0,x) " ' 

Combining this with (17.3.11) shows that ai?(a,/u) = 0, whenever ( p /i p + p L p )n 
pr fp does not represent a. 

Now, suppose that a is represented by p A p + p A p . Then Proposition 17.1.101 
implies that we can take g' = g and p <^ p = v g>\ p - 

As in the proof of [HY121 Proposition 4.4.1], the Siegel-Weil formula 
[KR94 ] implies 


E a (g fl 0, p <h A ) 


2 q c 


Vol(T so (Q)\T so (A)) 


X 


Y 1 v (p\(s f 1 x)ds. 
T 3D (Q)\T so ( A) x y r 1 

p £(x)=a 


The group T so (Q) acts simply transitively on the set of all x e p lC with 
p £?(x) = a, allowing us to rewrite this equality as 


(7.3.4) 


E a (g f , 0, p <h A ) 
\/N(v) 


= 2 ■ 0(a, p ip a) • g a - 


Combining (17.3.41) with (17.3.31) . and using the formulas for 


w a , p (l, 0, p <h p A ) 

from Proposition 17.1.101 shows 

(7.3. 5 ) ^rnrr = -«“> ■ °(“. Va) ■ i°g w(q). 

A(0,x) 

Now, observe that ord p (a) + m(p) + n(p) = 0 whenever n(p) t 0 and 
ord q (A p ) = -n(p). Therefore, from the definition of P ^ p hi (17.2.21) . we see 
that (17. 3. 51) is equivalent to 


(7.3.6) TX’h A) = “«“> ■ Va) ■ IogJV( q ). 

A(0, x) 

Here, P (p\ differs from P (p\ only at p, and we take its factor at p to be 
Now, note that, by (17.2.31) . 


0(a, p <p fl ) = Y, 0{a p (p a) 

\p€flp-\- Lp 


and that 

0(a, p ip x ) = 0 , 

whenever p A p + p A p does not represent a. 
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Combining these observations with ((7.3. IB and ()7.3.6I) completes the proof 
of the Proposition. □ 

7.4. A decomposition of the space of special endomorphisms. Fix 

a prime p c Of not split in E, and let q c Oe be the unique prime above it. 
Fix an algebraic closure F p lg for F p and also an algebraic closure Frac(VF) alg 
of the fraction field Frac(TT) of W = IF(F p lg ). Choose an embedding Q aIg >-> 
Frac(VF) alg inducing the place q on E = lq{E). 

Let L p = L p n y p c L p , and let H p = C(L p ) c C(L p ) = H p . Let Kl, o c 
T(Af) be the compact open subgroup defined in § 15.31 and let Ro,L,q c Kq,L, p 
be the intersection of Ko,L,p with the image of E* under the natural map 

E; ^(E® q Q p ) x ^T(Q p ). 

Then H p c Hq is a Ao,L,p-stable lattice, and H p c H p [p~] is a ATo,in¬ 
stable lattice. Moreover, the natural C'(A p )-linear map 

(7.4.1) H p ® c(Lf) C(L p )^H p 

h® z h- z 

is a Ro,L, q -equivariant isomorphism, once we equip C(L p ) with the trivial 
ATo,L,q-action. 

Fix a point y e T(Fq lg ). Then, by Remark f3. 5.3 1 (17.4.11) gives us a crys¬ 
talline Zp-representation H p y of T y and a C(A p )-linear isomorphism 

(7.4.2) Hp,y ®C(L V ) C(L p ) — * Hp, y - 

The following result is easily deduced from Theorem 12.1.11 

Proposition 7.4.1. The T y -module Hp, y is canonically isomorphic to the 
p-adic Tate module of a C(L p )-linear p-divisible subgroup 

A[p °°]p <= ^-b 00 ]| Spec (o !/ )- 

Moreover, the natural C(L p )-linear map of p-divisible groups 
A[p°°] p ®c(L p ) C(L p ) A[p°°]| Spec ( 0j/ ) 
is an isomorphism. 

In particular, for any O^-scheme S, we obtain a natural map 

(7.4.3) End c . (Ltj) (A[p 00 ] Pi s) -> End G(ip) (A s [p°°]), 

and so, in complete analogy with the definitions from 34.61 we define the 
space of special endomorphisms 

V{A[ P °°] p ,s)cEnd c(Lp) (A[ P °°] p ,s) 

to consist of those elements that induce special endomorphisms of A[p°°] 
via (|7.4.3|) . By definition, this is a subspace of L^Asfp 00 ]). 

The next result is entirely analogous to Lemma 14.6.21 
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Proposition 7.4.2. Let L p = Lp c L p be the orthogonal complement to L p . 
Then there is a canonical isometric embedding 


L p ^ V (^b°°] Spec (£>„)) 


as a direct summand, such that, for any O y -scheme S, we have 


V(A\p~] 9tS ) = (ti> p ) 1 C V(A 8 \p~]). 

Given a class rj e L p /L p , we will also need a corresponding subset 
(7.4.4) V v (A[p°°] Pt s) c V(A[p°°] p , s )\ 


This is once again defined as in £14.61 We fix an embedding L •-> L° into 
a maximal lattice L° that is of signature (n°, 2) and is self-dual at p. Let 
A p c Lp be the orthogonal complement of L p . Then we have a canonical 
isometric embedding 

A >^V(A*[p°°] s ), 

whose orthogonal complement is P(A[p°°]p j 5 '). Hence we get a map 


V( A s[P°°]) 


^(- 4 b°°]p,5) V A p,v 

0 A p ‘ 


The subset (17.4.41) now consists of elements x such that the pair 


(M ,v) e 


v(A\jr] P ,s) 


A p,v 

AP 


is in the image of V (A|.[p°°]). Here, we have used the natural isomorphisms 


A p,v , l; a Lp 
AP L p + AP Lp 


A p,v 

to view r/ as an element of 

The following proposition is now immediate from the definitons and is 
analogous to assertion (3) of Proposition 14.6.51 


Proposition 7.4.3. For any pt p e L^/Lp, we have a canonical decomposi¬ 
tions 


Vp p (As[P°°]) = U Vpi(A[p°°] P ,s) x (/X2 + L>), 

(^1 ?A i 2) e (A ip+Lp)/ (Lp©L p P ) 


where we are viewing 


+ L, n LI L p ’ v 
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7.5. Lubin-Tate and Kuga-Satake. Let p c Of and q c Oe be as above. 
For the rest of this section, we will assume that p lies above a good prime p. 
Therefore, we have 

A p c L p f ^>E q / Fp Ap = Ap> 

where A p c Yp is an Oe^-stable lattice. 

Fix a point y e T(F q ls )- Fix also a uniformizer 7r q e E q , and let Q q be the 
Lubin-Tate formal O^^-module over O y associated with this uniformizer. 
If p is unramified in E, we will assume that we have chosen 7r q = 7r p to be a 
uniformizer for Fp. Otherwise, we will set 7r p = Nm(7T q ) e Fp. As in iJ7.ll we 
will set 

m(p) = ord q (hp /Q ). 

As in EJ2.41 for any (9 y -scheme S, and for each A e i )~e / Fp /®E,q, we have a 
canonical subset 

VxiG^s) c End(^ q ,5)Q 

of special endomorphisms (with denominators) of Q q ,s- Fix an 0£ iq -linear 
identification A p = Oe,q, so that we can identify 

= d EJ Fp 

Ap OE,q 

In particular, for any A e A p /A p , we have a corresponding set Vx(G q ,s) of 
special endomorphisms of Q q . Under this identification, the Hermitian form 
on Ap is carried to the form 

{xi,x 2 ) = £pXlX 2 

on OE,q, for some £ p e F p x satisfying ord p (£ p ) = -m(p). 

Since we have identified A p /A p with l^/ Fp /OE,q, for ^ e A p /A p , we can 
speak of the space V\(G q ) of special endomorphisms of the Lubin-Tate group 

S q . 

For p e Lp/Lp, set 

Vy{Gq,y) = U V \(9(\,Gyl-K p Oy)i 

AG//+Z/p 

where A varies over the classes in A p /A p such that A + A p lies in p + Lp. 
Proposition 7.5.1. There exists an E q -linear isomorphism 

V(A y [ P °°]p) Q ^V(gq,y) Q 

carrying the Hermitian form on the left hand side to £ p times that on the 
right, and such that, for each p e L p /L p , it induces a bijection 


Vy(A y Un p )^Vy(Gq ty ). 
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Proof. Using Remark 13.5.31 we can associate with A p an 0£,q-hnear con¬ 
tinuous representation A Pi et l3/ of the absolute Galois group of Frac (O y ). 
This representation can be identified with the space Vb,p, e t = U(iTo,p,etj c) 
of O^^-semilinear endomorphisms of the Tate module Ffo,p,et of the Lubin- 
Tate group Q q . Moreover, its crystalline realization A PjCr i SiJ/ can be identified 
with the space Vo iPiCr i SiV = U(iTo.p,cris,y,c) of C^q-semilinear endomorphisms 
of the F-crystal iTo,p,cris,y obtained from the Dieudonne T-crystal associated 
with Q q . 

These identihcations carries the Hermitian form on A p et (resp. A PiCr i s ,y) 
to £ p times the natural Hermitian form on Vo )P (resp. Vo lP!Cr is,y). Therefore, 
we now obtain an Kq-linear isomorphism 

vWp-Mq - . a;T >-'] A v 0 ;-L >-'] = v(ff,, s ) Q 

carrying the Hermitiian form on the left to £ p -times that on the very right. 

It remains to show that it carries V y {A y [p °°] p ) onto V^(Qq ty ). For this, 
we will need a little preparation. Consider the Breuil-Kisin module 9Jt(A p ) 
associated with A Pje t,y and the uniformizer 7Tq. We have an O^q-linear 
identification 

m(A p ) = v(m(H 0 , p ),c) 

of Breuil-Kisin modules. 


Lemma 7.5.2. There is canonical, p-equivariant isomorphism 


6 — 


a* * m( a;) 


A, 


p SDT(A P ) 


of &-modules, where the left hand side is equipped with the constant p-semi- 
linear endomorphism p ® 1. It induces a p-equivariant isomorphism 


L v a 

© ®z P 7 -* 


yji(Lp )' 


Proof. If p is unramified in Oe , then A p = A p , and there is nothing to show. 

Suppose therefore that p is ramified in Oe • We have & ®z v 0E,q-linear 
isomorphisms 


(7.5.1) 


6 


A p a 

An 


d EJF P 

o E , q ’ 


and 
(7.5.2) 
As in 


9Jt ( A p) ~ d EJF v 

Wl( A p ) 0 E , q 

we have identifications 


'E, q 


V(m(H 0 , p ),c). 


(7.5.3) MKHofi) = m(T nE (g q )) = 6 ® Zp 0 E , q 

as q-modules carrying the the (/?-semilinear endomorphism of IDt(iTo.p) 

to the endomorphism f3(p® 1), where f3 has the following description: First, 
let E„ o c Eq be the maximal unramified subextension. For each embedding 
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V '■ -Eq.o ^ Frac(W), we obtain a finite W -algebra VF ?? = 0 e iC , ®o E 0 ,v W■ 
There is a disinguished embedding r/o induced from the distinguished em¬ 
bedding to of E q into Frac(W) alg . 

We now have 

P = (Pr)) e n ® W v = 6 ® Zp C>E,q, 

V 

where j3 v = 1, if rj # 770 , and P vo = u - 770 () • 

From ([7.5.31) . we now obtain an identification 

(7.5.4) V(m(H 0 , p ),c) = 6 ® Zp 0 E , q 

carrying the 99 -semilinear endomorphism on the left hand side to the endo¬ 
morphism a((p ® 1 ), where 

a = (a v ) e ]”[ ® W v = & ®z p E q 
v 

with a v = 1, for 77 * rj 0 , and a m = Since W q - 7 r q e D Eq /F p , we have 

«e 1 (mod 0 Eq/Fp ). 

Therefore, tensoring (17.5.41) with / F JO E ,q, and using (17.5.11) and (17.5.2p . 

gives us the isomorphism whose existence is asserted in the proposition. 

We leave it to the reader to check that this isomorphism is independent 
of all our choices. □ 


Now, base-changing along <p : (5 -> & the isomorphism from Lemma 17.5.21 
and then reducing it mod u, we obtain a canonical isomorphism 


l; a 

V : W ® Zp - -» 

L P 


V v ■ 

p,cns,y 

Fp,cris,y 


Lemma 7.5.3. The subset V^Aylp 00 ] p ) c W(^4^,[p°°]p) q consists of those 
elements x whose crystalline realization a; cr i s e ^p,cris,j/[jP 1 ] H^S in F p ) cris ^, 
and such that 

^cris = 77(1 ®/i) (mod Vp, cris , y ) 


Proof. Choose an auxiliary lattice L°, self-dual at p, and isometric embed¬ 
ding L ■-» L 0 , giving us the auxiliary Kuga-Satake abelian variety Ay over 

ir q . 

Let Lp’ p c L 0 p be the orthogonal complement of Lp. Choose a lift p e 
of p, and an element pf e Lp’ v ' v such that 

Cp,pP)zl;cl;®l;*’\ 

Then, by definition, giving an element of Vfj,(Ay[p°°\p) amounts to specifying 
x e 14 (Aj / [ 77 00 ] p ) v such that 

{x,p v )^V{A y [p-}pY®L^ 

lies in the image of V {Ay\p°°f). 
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Since we have a canonical isometric embedding 

W L°’ p V°- 

vv 'ey /L v r cns ,y 

mapping into the orthogonal complement of Vp )Cr is,yj we obtain an inclusion 
(7.5.5) V^ y - ® (W ® Zp P’ v ). 

Let * cr i s e Vp.cris. y[p- 1 ] be the crystalline realization of x, and let x° ris e 
V° lis y be the crystalline realization of (x,fi). Then it is clear from the 
definitions that £c cr ; s actually lies in Vj 3 v cris y . and that (17.5.51) maps x° lis 
to (x CI i s ,fl v ). From this, one deduces that a: cr i s must map into 7/(1 ® u) e 

Tracing through the definition of V y (Gq, y ), it is not hard to show that it 
has the same description as that of ^(^[^“Jp) given to us by Leinina r7.5.3l 
This finishes the proof of the proposition. 

□ 

7.6. Special zero cycles. For any scheme S over y, by Corollary 15.4.61 
the space P(A 5 )q has a canonical structure of an Fl-vector space equipped 
with a positive definite Hermitian form (■,■} such that, for any x € V(As)q, 

Q(x) = x O X = Tt f /q((x,x)). 

Write Y(As)® for V(As)® equipped with this additional structure. For 
any p e L v /L, let Y y {As) denote the space V y (As) viewed as a subspace of 

^(4s)q 

Suppose that a e F x and p e L w /L. Define a moduli problem Z F (a,p) 
over y such that, for any T-scheme S, we have 

Z F {a,p){S) = {x € ^{As) ■ (x,x) = a}. 

Since (■,■} is positive definite, Z F (a,p) is empty unless a e F + is totally 
positive. 

From the definitions, we now find that there is a canonical decomposition 
of T-stacks 

(7.6.1) yx M Z(m,p) = LI Z F (a,p). 

azF+ 

Tr F / Q (a)=m 

Proposition 7.6.1. Suppose that a e F + and p e L v /L. Then Z F (a,p) is 
non-empty only i/Diff(a) consists of a single prime p. In this case, Z F (a, /i) 
is 0- dimensional, and is supported at the unique prime q c Oe above p. 

Proof. To begin, Proposition 15.4.11 implies that the intersection of Z F (a,p) 
with Y is empty. Therefore, Z F (a, pi) is always either empty or 0-dimensional. 

If 2 € Z F (a. /i)(Fq' s ) for some prime q c Oe, let y e T(Fq lg ) be the point 
below it. By the definition of Z F (a,p ) the FMiermitian space Y(A y )<Q rep¬ 
resents a. In particular, Y(A y ) ± 0, and so Proposition [5A3] implies that the 
prime p c O f below q is nonsplit in Oe- Moreover, Corollary 15.4.61 implies 
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that the nearby hermitian space represents a. This shows Diff(a) = {p}, 
by Remark 16.2.11 and everything follows easily. □ 

Set 

vMy[°°]) = Ylv^Mn) c n^[oo]) Q . 

i 

When viewed as a subset of the Hermitian space 'V (A j/ [c»])q, we will denote 
this set by ^(AJ 00 ])- 

Proposition 7.6.2. Suppose that y e T(Tq llg )- Then the Af^-linear isom¬ 
etry 

'r(A y [oo]) Q ^*r 

of Proposition can be chosen so that, for each y e L v /L the charac¬ 

teristic function of the image of V y (A y [o o]) in p 'V is the nearby Schwarz 
function defined in (17.2.31b 

Proof. The only non-trivial point is to show that the -E^-linear isometry 

n^b°°])Q- p ^ 

can be chosen so that, for every y p e Lf^/Lp , it identifies the characteristic 
function of V /lp (A y [p°°]) with the Schwarz function v <Pp, p - 

For this, first note that the sublattice L p c L p transfers to a sublattice 
v Lp c v L p , as do its cosets in Lp. Moreover, we have a canonical decompo¬ 
sition 

Up + Lp = |_| (/ii + Lp) x + T p ). 

Given this and Proposition 17.4.31 it is enough to show that we can find 
an Zlq-linear isometry 

V(A y [ p °°] p ) Q A+Py v 

such that, for every y\ e L p /L p , it carries the characteristic function of 
V fll (A y [p°°\ p ) to the Schwarz function p <^. 

By Proposition 17.5. 0 we have an ifq-linear isomorphism 

v(A y [p°°])p^v(g q , y ) Q 
carrying H m (A/b°°] p ) to 

U Vx(G,, y ). 

A €/-i\ +Z/p 

Here, A runs over the cosets of A p in A p that are contained in y\ + Lp, 
and we define V\{Q^ y ) via an identification A p = C>E,q, which induces an 
identification A p /A p = 

By Proposition 12.4.11 V\(Q q>y ) is empty whenever ordq(A) < -n(p) + 1. 
Therefore, we see that it is enough to construct an ifq-linear isometry 

(V (&i,i/)q> (v» A (E q ,p Xl x 2 ) 
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such that, for every A e Vp /F p /@E,q with ord q (A) > -ra(p), the isometry 
carries V\{Q^ y ) to A + Op^- Here, (3 = - Nm(7r q ) if p is inert in E, and 

/3 e Op p is such that Xp(/3) = -1 if p is ramified in E. 

Such an isometry can be constructed using Propositions 12.3.31 and 12.3.41 

□ 


Recall the embedding T <->■ Aut°(A) from Proposition 13.5.61 whose homo- 
logical realizations induce maps 

0 7 (H):T q? -> Aut°(ff ? ) 

over y. which in turn give us maps 

0 ? (F):Tq 7 -Aut°(V ? ). 

In particular, for each prime £, we obtain a canonical map 

e e :T Qe ^Aut(y(A[r]) Q ), 

and thus a map 

0 d =0 Af :T Af -Aut(r(A[oo]) Q ). 

Lemma 7.6.3. The group T(Af)/T(Q)Kpfi acts simply transitively on the 
set of isomorphism classes in T(F q ls ), and, every point 

yO(< g ) 

has automorphism group Aut (y) = T(Q) n Kl,o- Moreover, for every t e 
T(Af) there is a canonical isometry of App-hermitian spaces ^ (A t . y [oo])q —> 
y{A y [ oo])q identifying 

^(At-yi™]) 9 ( t T 1 ■ 

as subsets ofY{A y [o o])q. 

Proof. By Proposition 15.3.11 y®o E ®E,p is finite etale over Oe, p - Therefore, 
the reduction map 

T(FVac(IP) alg ) -+T(F alg ) 

is an equivalence of groupoids. Furthermore, the map T(Q alg ) -* T(Frac(VF) alg ) 
is also an equivalence of groupoids. Therefore, the first assertion follows from 
the fact that T(Af)/T(Q)Kpfi acts simply transitively on the set of isomor¬ 
phism classes in T(Q alg ) with isotropy group T(Q) n Kl,o- This can be 
checked from the explicit description of the generic fiber Y in £ 13.11 

The rest of the lemma follows easily from the definitions. □ 


Proposition 7.6.4. Fix an a € F + such that Diff(a) = {p}. We have 

1 


E 


ZZZ F ( a ,pH Fq S ) 


, a i |Aut(z)| 


= deg c (F) • 0(a, p ipp), 
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Proof. The proof follows the same strategy as [Howl21 Theorem 3.5.3]. Pick 
any base point yo € T(Fq lg ), and an isomorphism 

as in Proposition I7.fi.2l This identifies the characteristic function of 


^t(A/o[°°]) c ^M) A / 

with the Schwartz function e S(fiY) defined in SI7.2L 
Using Lemma l7.fi.31 we compute 

^ ff al S , |Aut(*)| ' y ^, )X ,MAy) l Aut (y)l 


ztZ F ( a ,n)(F^ g ) 


(x,x)=a 


E 


E 


i 


UT(@)\T(A f )/K L ' 0 xetn(A t .y 0 ) l Aut (* ■ 2/0) I 
(x,x)=a 

lT(0) ' K | E E v p»{o(t)x). 

1 1 W/ uT(®)\T(k f )IK Lfi x*r(Ay 0 ) 

(x,x)=a 


Next use the fact that 


T(Q)/ker(0) 4 T so (Q) = {s £ E x : ss = 1} 


acts simply transitively on the set of x e 'P ( A yo ) ® Q with ( x,x ) = a. By 
picking one such x, we compute 


zeZ F £)(F* lg ) l Aut (^)l I T (@) n K L,o\ tsT (Q)\nl f )/ KL ,0 ^ ^ ^ 

t'eT( Q)/ker(0) 

deg c (U) 


Vol(T so (Q)\T so (A)) -^F so (Ay ) 


J tp fl (sx)ds, 


as desired. 


□ 


7.7. Deformation theory. Fix an a e F + such that Diff(a) = {p} for a 
single prime pc Op. Let qcO^be the unique prime above p. Assume that 
the rational prime p below p is good for L. 

Suppose that y e T(Fq lg ). For any integer k e Z>i and any p e L^/Lp, set 
Afe[p°°] = Ao^/Trjo^b 00 ]) = Gq,OylrfOy’ an d 

Vn(Ak[p ]) = Vfi(A 0y /i T k 0y [p ]) 

V/X (Afe[p' ]p) = ^(Ao^/Trjo^b ]p) ^/x(^q,fc) = Vn(Gq,O y /rfO y )- 

Consider the 1-dimension Eq-vector space U(A y [p°°]p)Q. By Proposi¬ 
tion E5TJ it can be identified with the Eq-vector space V(Qq ty )q. 


Proposition 7.7.1. For every k, the above identification induces an equality 

W*[p%) = W, fc ) 
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Proof. We will prove this by induction on k. When k = 1, this follows from 
Proposition 17.5.11 It remains to show that the assertion holds for k + 1 
whenever it holds for k. 

Consider the de Rham realization Ap^R^ associated with the A'q-representation 
A p . It is the reduction mod £(u) of the ©-module <y9*9JT(Ap), and is naturally 
a filtered C^-submodule of . 

Lemma 7.7.2. We have Fil 1 Ap id R 0 ;/ = Fil 1 VJj R . 

Proof. That the assertion holds after inverting p is immediate from the 
construction. Therefore, it is enough to show that both Fil 1 Ap jd R£> y and 
Fil 1 ^dR o y h ave the same image in Ap dRC y Since Fil 1 0 is a direct 
summand of V^ R 0 , it actually suffices to show that its image in A^ dR 0y 
is contained in A Pi dR,cv 
Set 

Fil Vmv;) = {x 6 ■■ p{x) € 8(u)m(v;)}. 

Then, using assertion ([2]) of Theorem 12.1.11 it can be checked that the image 
of Fi\ ] p*m(V p °) in V dR Oy is precisely Fil 1 

Now, given an element of Fil 1 V^ R 0 , choose a lift x e Fil 1 </? !t 'iUT(IT > ). If 
x' e (/j*9JI(Ap) is the image of x, then we find 

tp(x') e £(u)91t(Ap). 

But then Lemma 17.5.21 implies that 


x e <^*9H(Ap) + £(u)(^*91T(Ap) 
and hence that its image in Ap dRC)y lies in Ap^R,^- 


□ 


Write F dR)fc (resp. Ap jdR)fc , Ap dRfc ) for the reduction of V t dRC , y (resp. 
A p ,dR,c> y , Ap idRi e> H ) mod 7r q . 

Now, choose x € V^A^p 00 ] p ), and let xlt be the corresponding element 
of Vn^Gq^k)- To finish the proof of the proposition, it remains to show that 
x lifts to V^(Ak + i[p°°]p) if and only if xlt lifts to an element of 

Consider = (x,/l) e v ( A o y/n k 0y )- Let < ris e V dRfc+1 be the crys¬ 
talline realization of x°. By Proposition 14. 3. H and Lemma 17.7.21 x° lifts 
to V(A° k+1 ), and hence x lifts to V^(Ak+i[p°°]p), if and only if the 

'-'y ^ r 

functional 

[ x cns,--] : A P)dR> fc +1 -*■ Oy/TTq +1 Oy 

lies in the annihilator of Fi^Ap idRi jfc+i. 

We claim that this annihilator is 

Lil°Ap dR k+l = ker(Ap dR fc+1 Ap dR k+l ®Oy® Xp o E}q ,i®To ®y)- 
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Indeed, it is enough to check that the annihilator of Fi^Ap^R,©^ in dR 0 


is 

ker (Ap,dR,e> H ^p,dR,o w ®o v ®z p o E ,<,, i®i 0 

which can be checked after inverting p, where it is easily verified. 

Now, by Proposition 12.5.11 xlt has a crystalline realization *LT,cris € 
A dR,fc+n and hfts to V^g^k+i) if and only if x LT , C ris lies in Fil°A^ dR fe+1 . 
To finish, it now suffices to observe that 

(7.7.1) *LT,cris = [® C ris> — ] e A p,dR,fc+l- 

For this, let S be the p-adic completion of the divided power envelope of the 
surjection W\u\ - q ^> O y , and set 

•A4(Ap) d = f v?*9ft(Ap) ®e 5. 

The </?-nrodule structure on 9Jt(Ap )[£(u) _1 ] gives us an isomorphism 

Moreover, by a variation of Dwork’s trick (see |Bre971. 6.2.1.1]), the re¬ 
duction map 

)[p _ 1 ] -* -^( A p)[p _1 ] ®5 W = A^^foT 1 ] 

induces a bijection on ^-invariant elements. Let xo € A]( cris y be the crys¬ 
talline realization of x viewed as an element of Vn(A y [p °°] p ), and let xq e 
AI(Ap ^jT 1 ] be its unique (/^-invariant lift. 

If k < e, then the image of xq in _M(Ap)b _1 ] W[u]/(u k+1 ) actually 

lies in 

M(A p v )® 5 lT[u]/(u fc+1 ) 

and, by virtue of its y?-invariance, is necessarily the crystalline realization of 
both x and xlt along the divided power thickening W\u]/(u k+1 ) - '^> 

o,i*io,. 

If k > e. then, once again by virtue of its ^-invariance, xq is the crys¬ 
talline realization of both x and xlt along the divided power thickening 
S->O y /n k O y . 

From these observations, the required identity (|7.7.1D easily follows. □ 


Define a function 

°rdq : P(4,b°°]p)Q Z, 
given by two defining properties: 

• If a € Eq, and x e V (A y \p°°~\p), then 

ord q (a ■ x) = ord q (a) + ord q (x). 

• If x € V(Qq :V ) is an -module generator, then 

1, if q is unramified over F: 

ordq(x) = < 

I n(p) = ordq \ &e/p) , if q is ramified over F. 










FALTINGS HEIGHTS OF ABELIAN VARIETIES 


103 


Our definition of the function ord q is justified by the following result. 

Proposition 7.7.3. Suppose that /i e L p /L p , and that x e V y (A y [p °°] p ). 
Then x lifts to (^4^[p°°]p) if and only if ord q (x) > k. 


Proof. This is immediate from Proposition 17.7.11 and Theorem 12.5.51 □ 


Theorem 7.7.4. At any point z € Zp{oi,p){ F q llg ) we have 

length {Oz F ( a ,n),z) = 4( a )i 


where £p(a) is defined as in Proposition | 7. 3 . 4 

Proof. The point z corresponds to a point y e T(T q ls ) equipped with a 
special endomorphism x e V y (A y ) satisfying (x,x) = a. By Serre-Tate 
theory its deformation theory is governed by the induced endomorphism 
x p € Vp p (A y [p°°f). By Proposition 17.4.31 there is a unique pair 


(/i-iiM2) e 


Up + Lp 
Lp + Lp 



L V 

Lp 


together with a unique Xp e V fJ , 1 (A y [p °°] p ) and v e /r 2 + Lp, such that 


X p = Xp + v. 

Moreover, ord p (o) = ord p ((x p , x v )). 

Also, by the same proposition, the deformation theory of x p is governed 
by that of x p . More precisely, x p lifts to VppiA^lp 00 ]) if and only if x p lifts 
to By Proposition 17.7.31 this is equivalent to the condition 

ord q (x p ) > k. 

Therefore, to finish, we must show: 


(7.7.2) ord q (x p ) = £p(a). 

Now, note that the Hermitian form on P(Aj / [p°°] p )q is £ p -times the natural 
Hermitian form (-,-)lt on V(Gq <y )Q, and that ord p (£ p ) = -m(p). 

Moreover, using Propositions 12.3.31 and [273731 we find that, if xq e V{Q^ y ) 
is an C?E, q -module generator, then 


ord p ((x 0 , x 0 )lt) 


( 1 = -1 + 2 ■ ord q (xo), if q is unramified over F; 

0 = -n( p) + ord q (xo), if q is ramified over F. 


Combining all this, we find: 


or d p (a) = ord p ((x p , x p )) 


|-m(p) - 1 + 2-ord q (x p ), 
|-m(p) -n(p) + ord q (x p ), 


if q is unramified over F 
if q is ramified over F. 


Comparing this with the formulas for £p(a) in Proposition 17.3.21 gives 
us (17.7.21) and hence the theorem. □ 
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7.8. Calculation of arithmetic degrees. 

Theorem 7.8.1. Suppose a e F+ and p € L v /L. Assume that Diff(a) = {p} 
consists of a single prime of Op, which lies above a rational prime p that is 
good for L. If we denote by 

Z F (a,/i)€PTc(T) 

the divisor Zp(a, p) on y endowed with the trivial Green function, then 

deg (Z F (a,n)) _ q F (a,p) 
deg c (y) A(0,x) ' 

Proof. Combine Propositions 17.3.21 and 17.6.41 with Theorem 17.7.41 □ 


Given a,b e R, we will write a b to mean that a - b is a Q-linear 
combination of {log(p) : p \ D bad)L }. 


Proposition 7.8.2. 


We have 

a(0,0) 2A'(0,x) 

A(0, x) A(0, x) 


If 0, then 


a(M) 

A(0,x) 


l 0. 


Proof. Let p = p p , so that we have a factorization p = ®p p over the rational 
primes, and 


(7.8.1) 


a(0,/u) _ a F (0,p) 
A(0, x) 


-2^(0) 


A'(0,x) 

A(0,x) 


M'(0,<p). 


A(0,x) 

by Proposition 16.2.31 

Fix a prime p, and suppose that we have p p = Pi, where each <pi admits 
a factoring c pi = ® p |VhP over primes p c Op above p. Then, for each i, by 
Proposition 16.2.31 we obtain a factoring 


M p (s,ipi ) = Y[Mp(s,(p itP ), 
p| v 


where, for any p | p, M p (s, p ip ) is a rational function in N(p) s . Therefore, 
M v (0,pi t p) is a rational number, and M p (0, <Pi,p) is a rational multiple of 

log Af(p). . 

Moreover, if p is a good prime, then, by (17.2.41) . we can choose our de¬ 
composition to be 

V = & TV 

\p€fJ,p+Lp 

where X p ranges over representative of cosets of A p in A' p contained in p p +L p . 

By Corollary 17.1.91 M v (s,tp\ p ) is constant, and hence M p (0,ip\ p ) = 0, for 
all primes p | p, It now follows that M\ 0, p) is a Q-linear combination of 
log(p) with p | D bad . 

The identity (17.8.11) now gives us the proposition. □ 
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Proof of Theorem \ 6 . 4 . 2\ Recalling that 

2(f) = £ £ c + f(-m,p)2(m,p), 

m> 0 fj,£L v /L 

the stack decomposition 

2(m, p) x M y = U Z F (a, p) 

azF+ 

Tr F/Q( Q )= m 

of (17.6. ip implies 

[z(f)-.y) Hf,y°°) dii(z F (a,/i)) 

deg c (y) 2deg c (y) ^ q 7f + deg c (y) 

m> 0 Tr F/ ,Q (a)=m 


For any a e F+ and any /re L v /L we have 

dij(Z F (q,//)) _ a F (a,p) 
deg c (y) L A(0,x) ’ 

Indeed, if |Diff(a)| > 1 then Propositions 16.231 and [7.6.11 imply that both 
sides of (J7.8.2I1 vanish. If Diff(a) = {p} then let p be the rational prime 
below p. If p \ Db a d then the relation (|7.8.2I) follows from Theorem l7.8.1l If 
p | Db a d then both sides of (17.8.211 are r* 0 by Propositions 16.2.21 and 17.6.11 
Combining (17.8.211 and (16.2.711 shows that 


£ 

atF x 

Ttf/q (a)=m 


deg (Z F (a,p)) 
deg c (y) 


a(m, p) 
A(0,x) 


and so 

[Z(f) : y] $(/,y°°) y a(m, p) ■ Cf(m, p) 
deg c (y) ~ L 2 deg c (y) jL A(0,x) 

m> 0 

Comparing with Theorem l6.3.1l and using the approximate identity a(0, p) ~l 
0 from Proposition 17.8.21 for pf 0, shows that 


[2(f ): y] M rm t q(0,0)-c}(0,0) 
deg c (y) L A(0, x) A(0,x) 


as desired. 


□ 


8. The height of the tautological bundle 

8.1. Enlarging the Shimura variety. For applications to the computa¬ 
tions of heights of line bundles, and to Colmez’s conjecture, it will be useful 
to have a results more general than Theorem 16.4.21 involving restrictions of 
Borcherds products from larger GSpin Shimura varieties. 
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Suppose that we have a quadratic space ( V°,Q°) of signature (n°, 2), a 
maximal lattice L° c V° of discriminant Dl « = [L° ,v : L°], and an isometric 
embedding 

satisfying L c L°. Define a positive definite Z-quadratic space 

A = {x e L° : x ± L} 

of rank n 4 - 2d + 2, so that LffiAcI 4 with finite index, and V° - V ffi Aq. 
From this data, we obtain maps of Z-stacks 

y M ^ M°, 

where M and are the integral models for the orthogonal Shimura va¬ 
rieties associated with the lattices L and respectively, and y = yx L 0 is 
the stack appearing in Proposition 15.3.11 

8.2. The archimedean contribution. From the Z-quadratic space A we 
may form the representation of SL 2 (Z) on the finite dimensional subspace 

S A c S(Aq) 

of C-valued functions on A v /A, exactly as in A4.71 and the contragredient 
representation u'f on the C-linear dual Sf. 

The theta series 

0a(t) = Y,PA( m ) ■ ( i m € M k_ d+ i( w A) 

m 2 

has Fourier coefficients p\{m) € Sf defined by 

Pk{m, ip) = Y, P( x ) 

a:eA v 

for any ip e S\. Letting tp tl denote the characteristic function of p e A v /A, 
we often write p\(m,p) = p^m,^^). 

Given a pair (pi,p 2 ) € (L v /L) ® (A v /A) and a p e L° ,v /L° we write, by 
abuse of notation, p\ + p 2 = P to mean that the map 

(L v /L) ® (A v /A) - (L v ® A v )/L° 

induced by the inclusions 

L ® A c L° c L°’ v c L v ® A v 


takes (p\,p 2 ) i->- p. 

Proposition 8.2.1. Fix any weakly holomorphic modular form f € M' x _ n<> l<> 

with integral principal part, and let 4> 0 (/) be the corresponding Green fimc- 
tion on A4° , as in S3 If we set 

y°° = y x S pec( z) Spec(C), 
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and define ^(Z, Y°°) as in Theorem \6f3A[ then 

^°(/,y°°) y c ,_ m X y a(mi,ni)pA(m 2 ,fJ,2) 

2 deg C (Y) uzL <> ’ v /L <> mi+m,2=m A(0, x) 

meQ AH+/i2-M 


Proof. The isomorphism 

S(V°) ^S(V)®S(A q ), 

together with the tautological pairing between S( Aq) and its dual, induce 
a map 

S(K°)®S(A Q ) V -+S(V). 

As L ® A c L°, this restricts to a map S^® ® Sy( -> Sl, which we call tensor 
contraction , and denote by ip\ ® ip 2 l-> <^i © P 2 - 

There is an induced map on spaces of weakly holomorphic forms 

Ml(uj L o) <g> M\(ujI) -> 


for any half-integers k and £. In particular, / h> f © defines a linear map 

AT n® -»■ M 2 _ d (^). 

2 

In terms of (/-expansions, 

(/ ©i?a)(t) = X! E c M(( m T)A-? m 

m»-oo [MiL v IL 


where 


(8.2.1) c f Qfl A (m, p) = £ E c / (mi,/r + // 2 ) ■ p\(m 2 ,p 2 ). 

mi+7712 =m /i 2 e A v /A 

/ 7 +/ 126 T°’ v /T©A 


The essential observation is this: If we pull back the Green function $*(/) 
for the divisor 2°(/)(C) on _M°(C) via the map A4(C) -»■ _M°(C), we 
obtain the Green function $(/0 i9a) for the divisor Z(fQid a)(C) on A4(C). 
This is clear from the factorization I BY09, (4.16)] of Siegel theta functions, 
and the construction of the Green functions as regularized theta lifts as in 
[B KYI 21 lBYfl9] , 

As Y°°(C) -»• A4°(C) factors through A4(C), we find 

^(/,D Hf®#A,y°°) 

2 deg c (Y) ' 2deg c (Y) 

We may apply the result of Bruinier-Kudla-Yang, as stated in Theorem 
16.3.11 directly to the right hand side. This gives 


2 deg C (Y) 


- E 

AtieL v /L 

mieQ 


a(mi,pi) • c/ 0 tf A (-mi,/ii) 


A(0,x) 


E c f( m 3,p) E 

/is L°’ v /L° Mi+M2=M 

mi +m2+m3=0 


a(mi, pi)pA(m 2 , p, 2 ) 

A(0,x) 
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where the second equality follows from (|8.2.1I) . 


□ 


8.3. An extended arithmetic intersection formula. Fix any weakly 
holomorphic modular form / e Mj_ n<> / 2 (<Al o ) with integral principal part. 
Let 

Z*{f) = Yj E c f (-m,ii)-Z <> {m,n), 

m>0 /ieL°’ v /L» 

be the corresponding divisor on _Ad°, and denote by 

the corresponding arithmetic divisor. 

In what follows we will frequently demand that / satisfy the following hy¬ 
pothesis with respect to the quadratic submodule L c L° and its orthogonal 
complement A = L 1 c L°. 

Hypothesis 8.3.1. If m > 0, and if there an element x e D L l A with Q(x) = 
m, then c/(-m,/i) = 0 for all y e L° ,v /L°. 

Lemma 8.3.2. If the image of y{ C) ->■ _A4 0 (C) intersects the support of 
2°(m,/x)(C), then there is an x e DflA with Q(x) = m. Therefore, if 
Hypothesis 1 8.3. 1\ holds, then Z°(f) intersects y properly. 


Proof. Suppose that the image of y(C) intersects the support of Z <l (m, y)( C). 
By Corollary 14.6.61 this implies that there exist mi, m 2 e Q>o with mi+ 771,2 = 
m and 

(Ml ’ M2)€ E^ C(jLV/L)e(AV/A) 

such that A’(C) intersects the support of Z{m\,yi) x A m2)/i2 , where 


Am 2 ,/i 2 = {x e y 2 + A : Q{x) = m 2 }. 


By Proposition [AUTJ for any point y e Y( C) we must have V(A y ) = 0. Thus 
the only way that y can meet Z(mi,yi) is if m\ = 0 and y\ = 0. It now 
follows that there exists x e A mtfl2 with 


( 0 ,^ 2 ) e 


L°’ v 

L ® A’ 


and from this we deduce that there exists x e D L lA with Q(x) = m. 
The second assertion is clear from the first. 


□ 


Proposition 8.3.3. Under Hypothesis \8.3. 11 we have: 


[z°U):y] 


a L C/(0,0) 


a(0,0) 


deg c (T) A(0,x) 

Proof. Corollary 14.6.61 gives us, for each pair ( m,p ), a decomposition 
Z (m, y) x M o M = |_| Z(m .\, y \) x A 

m 2 , 1^2 


mi+7712 =m 
/ll+ i U2=Ai 
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of stacks over A4. Moreover, if c/(-m,/x) # 0 then Hypothesis 18.3.11 implies 
that all terms with mi = 0 are empty. Therefore, we obtain a decomposition 

Z°U)\M = s c f( m 3,^) E PA(m 2 ,jU 2 )^(mi,/ii) 

/ieL°’ v /L° /U+M2=M 

mi+m2+m3=0 
m 3<0 
m i>0 

of divisors on AT 

By Lemma f8. 3. 21 the image of T -*■ A4 intersects 2°(f) properly, and so, 
as in the proof of Theorem 16.4.21 (see especially £ 37.81) . we deduce 

deg C (Y) 2deg c (y) ^ /L . A(0, X ) 

mi+m2+m3=0 

m3<0,mi>0 

Combining with Proposition 18.2. fl completes the proof. □ 


Suppose now that n° > 3. Denote by 

DePk;(Af), e Pi~c(Al 0 ) 

the metrized tautological bundles on A4 and A4° of £14.51 By Theorem 14.8.11 
after replacing / by a multiple if necessary, we have the equality 

(8.3.1) c /(0,0) • 2° = Z°(f)-c f ( 0,0) • (0,log(47re 7 )) +£°(/), 

where £°(f) = (£°(/),0) is empty if Lis self-dual and n > 5, and is 

otherwise supported on the union of special fibers A4p p for p 2 \ Dl, as well 
as A4 f 2 if L( 2 ) is not self-dual. 


Theorem 8.3.4. We have 


[g = y] 

deg c (T) 


2A'(0,x) 

A(0,x) 


- d ■ log(47re 7 ) + 


i [£%/)■■ y] 

c/(0,0) deg c (T) 


Proof. Combine Propositions 18.3.31 and [74T21 with (|8.3.ip . and observe that 
the restriction of D* to A4 is canonically isomorphic to u5; see Proposi¬ 
tion 14.4.71 □ 


9. COLMEZ’S CONJECTURE 

In this section we prove Theorem [A] of the introduction. 

9.1. The statement of the conjecture. In this subsection only, E is an 
arbitrary CM algebra. The group Tq acts on the set of all CM types of E 
in the usual way: ao& = {aop:p€ 4>}. For each let Stab(4>) c Tq be its 
stabilizer. 

Definition 9.1.1. Let c e Tq be complex conjugation. Write C A4° for the 
space of locally constant functions a ■ Tq -> Q that are constant on conjugacy 
classes and are such that the quantity 

(9.1.1) a(ccr) + a(cr) 
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is independent of a e Tq. This notion does not depend on the choice of c. 

Every function a e CM 0 decomposes uniquely as a finite linear combina¬ 
tion 

« = E °(*7)' r l 

v 

of Artin characters. For each Artin character q let 

^ n d et(i_ rt (Fr p )|^) 

be the usual Artin L-function, where p is a prime of Q alg above p, and U is 
the space of the representation q. 

The independence from a of the quantity (19.1.11) implies that any nontriv¬ 
ial Artin character q with mr E ^(q) ^ 0 must be totally odd, in the sense 
that 77 (c) = —? 7 (id), and therefore L(0,q) f 0. We now set: 


Z(0, a) = - 



L'(0,y) 

L(0,v) 


+ log(/»?) j 


where f r] is the Artin conductor of q. 

Following Colmez, we will now construct a particular function a° E ^ in 

CM 0 from the CM type (E, <f>). First, define a locally constant function on 
Tq by the formula: 

a (E,<!>)( 1 T ) = |$ n a o $|. 

The average 


(9.1.2) 


a (E,<f>) 


■■ Stab(<f>)] re r Q /i?ab($) a(i? ’ r0$) 


is constant on conjugacy classes of Tq, and depends only on the TQ-orbit of 
<I>. Moreover, 

a (E,®)( a ) + a (_E,$)( c<J ) = 1^1 

is independent of a, and so a° E ^(tt) belongs to CM 0 , as desired. 

Remark 9.1.2. If E is a CM field, E is a CM field containing E, and 

= {(p € Hom(£', Q alg ) : tp\ E e <h} 


is the lifted CM type, then 

[E : E] ■ a° E ^ = <^ E ^y 

Definition 9.1.3. The Colmez height of the pair (F,d>) is 
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Suppose A is an abelian variety over Q alg of dimension 2dim(A) = [E : Q], 
and admitting complex multiplication of type (E,&). Choose a model of A 
over a number field k c Q alg large enough that the Neron model 7r : A -> 
Spec(Ofc) has everywhere good reduction. Pick a nonzero rational section s 
of the line bundle 

ePic(O fc ), 

and define 


hT(A,s) = 


2 [k : 


?' oel L 


cr.k-y C 


A°( C) 


S A S° 


and 

h F f alt (A,s ) = 1 X! ordp(s)-logN(p). 

pc o k 


Definition 9.1.4. The Faltings height of A is 

h Fal \A ) = hf l \A, s) + h Fal \A , s) 

It is independent of the field k, the choice of model of A over k, and the 
choice of section s. 


Theorem 9.1.5 (Colmez). If A has complex multiplication by the maximal 
order Oe c E, the Faltings height 

h F ^%) d =h Fal \A) 

depends only on the pair (E,&), and not on the choice of A. Moreover, 
there is a unique linear map ht : CA4° -*■ M such that, for any pair (E, <f>), 
we have 

= <!>))■ 

Proof. This is |Col93l Theoreme 0.3]. □ 

Conjecture 9.1.6 (Colmez). For any a e CA4°, we have ht(a) = Z(0,a). 
In particular, taking a = a° E for any CM pair ( E , <b) we have 

7 Fait _ , Col 
a (E,<S>) ~ a (E,<S>)■ 

9.2. The reflex CM type. For the remainder of ^9] we fix a CM held E 
of degree [E : Q] = 2d, and a distinguished embedding to ■ E -> C. Denote 
by F the maximal totally real subfield of E. 

Recall from §5.21 the total reflex algebra associated with E: This is a 
finite etale Q-algebra equipped with a canonical TQ-equivariant identifica¬ 
tion 

Hom Q _ alg (£»,Q alg ) = CM(£), 

where CM(if) is the TQ-set consisting of all CM types of E. 

The embedding l o determines a subset 

{CM types of E containing to} c CM(E). 
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This corresponds to a subset c Hom(£*, Q alg ) = CM(.E), called the total 
reflex CM type. The pair is the total reflex pair. 

The relation between the total reflex pair and the classical notion of reflex 
pairs is given by the following proposition, which is immediate from the 
definitions. 


Proposition 9.2.1. There exist representatives d>i,..., <h m e CM(T1) for 
the Tty-orbits in CM(E) satisfying the following condition: If for each pair 
(m',d>-) is its reflex CM pair, then there is an isomorphism of Q- 
algebras E & —*■ n, E[, such that the natural bisection 

Hom(£#, Q alg ) ^ Hom(E[ , Q alg ) u ■ ■ ■ u Hom^, Q alg ) 

identifies <1^ = T' u ••■u &' m . In particular, E * is a CM algebra and ^ is a 
CM type. 

9.3. The average over CM types. 


Proposition 9.3.1. Recall the completed L-function \6.0.6\) . The Colmez 
height satisfies 


1 


,Col 


— V h c 

o d L. 

^ $ 


^4-i.iog 

mx) 4 


D e 


D f 


- - ■ log(2vr) 


A '(0,x) d, 3 

Tair; log(16,re) ’ 


where the sum on the left hand side is over all CM types of E. 


Proof. We have the identity 


where 1 is the trivial character on Tq, and x ■ Gal (E/F) -*■ {±1} is the 
nontrivial character. To prove this identity, one may use Remark 19.1.21 to 
reduce to the case where Ej Q is Galois, so that 


1 

[E:Q] 


£ a (E,$)( a ) 

$ 


'id— 1 


'id -2 


if a is complex conjugation 

if a - id 

otherwise. 


It follows from the above that 


1 


,Col 


nd L, n {E&) 
1 $ 


,.m + ^M + i log | 

C(0) L(0, X ) 2 


( / ind^(x))_ 


log(27r)-- Z/ ' ( ° ,x) - 

V ' 2L(0, X ) 

_ I. w 

L( 0, X ) 4 D f 


- • log(|Up| • N e /q (Dp/p)) 

- ~ • log(27r). 


This shows the first equality in the proposition, and the second follows from 

dMZD- □ 
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Proposition 9.3.2. The total reflex pair ) satisfies 


1 


7 0 = V„° 

(£»,$») 


where the sum is over all CM types of E. 


Proof. Let E c Q a g be a finite Galois extension of Q large enough to contain 
all embeddings E -*■ Q alg . In particular, each E' c E. Use to to regard E as 
a subfield of E. For each 1 < i < k let 

c Gal(f/Q) = Hom(U,Q alg ) 

be the lifts of tR and <F', respectively, so that a e 4>j if and only if a^ 1 € 

An easv exercise shows that a? =■=•.. = a?=-=-.. and hence Remark 19.1.21 
1 (£,$') (CU) - 

implies 


[E : E [’] ■ a° E A - \E : E] ■ a® E ^.y 


It follows that 


-0 _ lE'i ■■' 

a (E' i ,<S>' i ) 


a (£,<U) 


E a (E,ro$i)’ 

T€ FQ/Stab($i) 


[U : Q] ^’ 9i > [E : (I 
and summing over i proves the claim. 

Corollary 9.3.3. The total reflex pair (i^, T*) satisfies 


□ 


h 


Fait _ 1 

(£«,*») “ [E: 


■ E ^)- 

$eCM(E) 

Proof. Combine Theorem 19.1.51 and Proposition 19.3.21 


□ 


9.4. Faltings heights and Arakelov heights. Recall the torus T = T E /T F 
and the arithmetic curve 


To Spec(O s ) 

from 33.21 defined by the compact open subgroup Kq c T(Aj). In S13.3I 
and 33.51 given an algebraic representation N of the torus T, and a Kq- 
stable lattice IVg c N& f , we constructed various homological realizations IV? 
over To, functorially associated with the pair (IV, IVg). 

Let be as in Proposition 13.4.21 The subring O e t c Fa gives us a lattice 
//|, c IF* stable under the multiplication action of O f j ■ The associated Z- 
lattice Hi. Therefore, from the pair we obtain an abelian scheme 

A * -> To, whose homological realizations are the sheaves associated with the 
pair. By construction, at any point y e Tq(<C), is an abelian variety with 
CM by O f j and of CM type T*. 

Define 


o# - vr o dim ( A ‘) 

“ ~ 7 r * u A i/y 0 ■ 

At any complex point y e To°(C) we endow the fiber 


lL y~ n \ A yA L A !/ C ) 
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with the Faltings metric 


L 


A#(C) 


SAS 


and so obtain the metrized Hodge bundle 

n' € pTc(To)- 


The Betti realization of A & gives us a local system 

Hj,cHj,8O r0(c) = wV.( C ). 

which determines a local system of Z-modules det(JT^) c det(iTjj R y 0 (C)) 
rank 1. 

We define the volume metric on det(ii| R ) by declaring that ||e|| 2 = 1 for 
any local generator e of det(JT^). At any complex point y e Vo(C) the dual 
volume metric on 

det(H\ Ry y A H™« a 'H4/C) 

is just integration of top degree C°° forms: 

INI = I / V I. 

l JAy( C) 1 

This gives a second metrized line bundle 


det(H| R )€Pic(To). 


We will need a third metrized line bundle Qq. This will be defined as 
follows. Consider the representation Vo = V(E,c ) of Te on the space of E- 
semilinear endomorphisms of E. This representation factors through T (and 
in fact through T so = Te/Tf) and has a natural lattice Lq = V(Oe,c) such 
that Lo = L Q ^ is stable under Ko. The natural ill-linear structure on Vo is 

invariant under T. Therefore, from the pair (Vo, To), we obtain a de Rham 
realization Vq^jr over To, equipped with an action of Oe, making it a locally 
free sheaf of rank 1 over Oy 0 Oe- This realization is equipped with a 
canonical O^-stable filtration Fil*Vo d R by local direct summands extending 
the one over V'o = To,Q obtained from Proposition ^. 5.11 Moreover, the degree 
1 summand 

ll > 0 = Fil Vb.dR 

is a line bundle over To- 

Composition in End(F?) induces a canonical, T-invariant Hermitian form 
(v)o on Vo determined by the property 

(x° y)(a) = (x,y) 0 -a, 


for any x,y e Vq and a e E. From this, we obtain a Q-valued quadratic form 


Qo = Tr F/Q ((x,x) 0 ) 

with associated bilinear form [x,y ]q on Vq. 
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Just as in § 14.51 for every y e T°°(C), this form equips = Fil 1 Vo,dR,j/ 
with the Hermitian form ||^||q = ~[z,z\ o, and thus equips ljq with the struc¬ 
ture of a metrized line bundle, which will denote by u3o- 
There is a natural T-equivariant embedding 

(9.4.1) l/ 0 ^End(Jf # ) 
defined as follows: We have 

= = ( (g) Q alg ® t)F e\ . 

\teEmb(F) / 

Here, the action of Tq on the tensor product is the obvious one compatible 
with permutation of the indexing set Emb(E)0 
For each t e Emb(E), we have an embedding 

Q aIg ®c,F Vo = E(Q alg ® 4 , f E, c) c End(Q alg ® t , F E). 

The Lie algebra tensor product of these embeddings gives us a TQ-equivariant 
embedding 

Q alg ®q To - ®(Q alg ® tiF V 0 ) - End |(g)Q alg ® 1>F eJ , 

so that xeVo acts on Q alg ®q E ** via: 

d -1 

x(ao ® a\ ® ••• ® ad- 1) = ^ ® ® i ® x(aj) ® 

2=0 

Here, to, H, • • ■ Hd-i : F ^ M are the real embeddings of F, and for each i, 

Oi € Q alg ® ti)F E. 

The descent of this action over Q gives us ((9.4.Ill . 

Now, it is clear that this embedding induces a AJj-stable inclusion Lq 
End(Ei), and thus gives us a map of de Rham realizations 

Fo,dR - End(iT| R ) 

allowing us to view sections of Vy.dR as endomorphisms of iT| R . 

The action of u>o on iT| R induces a map 

^0 grp-i^R - Fil °H\ r 

of vector bundles over To, and taking determinants yields a map 

(9.4.2) ® 0yo det(grihif| R ) - det(Fil °H^) 
of line bundles over Oy 0 . Set 

(9.4.3) Se = det(Fil°iT| R ) ® to®- 2 '' 1 ® O3 , 0 det^iH^)® -1 . 

Then (19.4.21) gives us a canonical section of 2zf over To, an d thus an effective 
divisor A on To- Write A = (A,0) for the associated arithmetic divisor. 


“hii other words, A* is the tensor induction of the E-algebra E to an algebra over Q. 
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Proposition 9.4.1. We have 


deg(A) 

deg c (Po) 


= 2 rf_1 log \Dp\- 


This is the key technical result of this subsection, and its proof will be 
given further below. For now, we deduce from it the following theorem, 
which gives the precise relation between the degree of uj q, and the average 
of the Faltings heights of abelian varieties with CM by Oe- 


Theorem 9.4.2. We have the identity 

1 

2^ 


Td X> Falt 

$ 


_1 dcg ^°) - — log \Dp\ + —d ■ log(27r). 

(£ ’ $) 4deg c (y 0 ) 4 61 1 2 V 7 


Proof. By Corollary 19.3.31 we have 


X! \e%) d-h 


Fait 

(Et&ty 


Observing that, for every y e Yo(C), the abelian variety A\j has CM by 
O-pj with CM type and using Theorem 19.1.51 we obtain 

deg(f2 11 ) 


(9.4.4) 


2d ■ h 


Fait _ V l, Fait 
(£#,$#) _ A n {E ,<!>)• 
d> 


0-Fil°F4i R 


I dR ^ g r Fil-^dR 0 


deg c (T 0 ) 

Consider the short exact sequence 

11 d 

of vector bundles over To- Taking determinants, we obtain an isomorphism 

(9.4.5) det(iT| R ) - 2 % uf % det(gr R \h\^\ 

where «£? is as in (19.4.31) . If A is as in Proposition 19.4.II then, using the 
canonical isomorphism 

det(grp IMr)®' 1 - 

it is easy to check that (19.4.51) gives us an identity 

det(iT| R ) = A + 2 d ~ 1 Qo -2-12# 

in Pic(To)- 

Combining this with Proposition 19.4.11 and (19.4.41) shows 


1 v- i.Fait 1 deg(^o) 

= "TTTvT + 7 ' lo g \ d f\ 


4deg c (y 0 ) 4 


1 deg(det(ifj 1R )) 

2 d+1 deg c (T 0 ) 


Therefore, we will be done once we verify the identity 

2 d d • log(27r). 


deg(det(ff| R )) d 


degc(Fo) 

But this is easily done using Lemma 19.4.31 below. 


□ 
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Lemma 9.4.3. Let E' be a number field and let A be an abelian scheme 
over Oe'- Suppose that the top degree cohomology H^(A/Oe') of A is a 
free module of rank 1 over Oe' ■ Fix an embedding E' ^ C, and an Oe'- 
module generator e e H^^A/Oe'), and let r/(e) be a degree 2d C°° form on 
A(C) that represents this generator over C. We then have: 



(2t r)” dim(A) . 


Proof. As explained in fDMQS82 . Ch. I, §1, p. 22], there is a canonical 
0£'-hnear trace map 

Tr dR :H™(A/0 E ')^E', 


which, over C, corresponds to the linear functional 

V ^ ( 2 m) dimA Ia(C) n 

on top degree C°° forms on A(C). 

So, to prove the lemma, it is enough to show that TrdR maps isomorphi- 
cally onto Oe' c E'. Indeed, this would imply that 

For this, note that Tr^R is equal to the composition: 

H 2 d i(A/0 E ’) - H d (A,n d A/OEr ) ^ Ov, 


where the first isomorphism arises from the degeneration of the Hodge-to-de 
Rham spectral sequence for A, and the second is the trace isomorphism from 
Grothendieck-Serre duality. □ 


We now begin our preparations for the proof of Proposition l9.4,ll Suppose 
that we have inclusions of complete discrete valuation rings A c B c C with 
perfect residue fields, with Frac(R) finite over Frac(A). Suppose that the set 
Hom(£>,C') of local A-algebra homomorphisms has the maximum possible 
size [Frac(-B) : Frac(A)]o 

Fix a subset T c Hom(i?,C'), and consider the map of C-algebras: 

IfY '■ C B -* ]""[ C 

T 

c <8> b (c ■ (i(6)) 0 -. 

Set /C(Y) = ker</?Y- If Y c = Hom(S, C)\Y, then the inclusion 

/C(T)+/C(T C ) ^C® a B 

of C-modules is an isomorphism after tensoring with Frac(C). Therefore, 
its cokernel has finite length as a C-module. Denote this cokernel by C(Y). 
Fix a uniformizer ttb e B. Let B d c B be the maximal etale A-subalgebra. 


“Un other words, the etale Frac(T)-algebra Frac(B) splits over Frac(C). 
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Let dg/A c B be the different, and let ®b/a = c A be the 

discriminant ideal for B over A. 

Lemma 9.4.4. We have: 

length c (C(T)) = ]-■ Y length(C l /(r(7r i j) - t\tt b ))) 

t,t / € T 
t±t' 

+ 7 , ■ Y length(C/(a(7r B )-(r'(7r B )))-^-length(C/D B/A C). 

cr,c r f eT c 

(T±<7 f 

Proof. By a standard reduction, we can assume that A = Bq, so that B is 
totally ramified over A. First consider the cokernel Ci(T) of the natural 
embedding 

. x X^iafx))^ y—r 

K{ T) — > n C. 

(T6T c 

We claim that 

(9.4.6) m(T) d = f length c (Ci(T)) = ]-■ Y length(C/(r(7r jB ) - t'(tt b ))). 

T,T A € T 

t±t' 

This can be verified using induction on the size of T, after proving (via 
a separate inductive argument) that /C(Y) c C <8>_b A is the principal ideal 
generated by the element 

h =n (1 ® 7 Tb - t(tT B ) <g> 1 ) € C ® B A. 

reT 

We also claim that the inclusion 

c® a b^ n c 

o-€Hom(B,C) 

has cokernel of length ^ • lengtf^C/SD^/^C). This follows by observing that 
^~B/A th e dual lattice to B under the canonical non-degenerate trace pair¬ 
ing ( x,y ) i-> Ty b /a(x,u) on Frac(i?), and that n<TeHom(R,C) C is a self-dual 
lattice in Frac(C') ®a B under the induced C-bilinear pairing. 

The lemma now follows by noting that 

lengthy (C (T)) = m (T) + m (T c ) - lengthy ^ ) ' 

□ 

Let K be a finite etale Q p -algebra, and let P c Frac(VF) alg be a finite 
Galois extension of Frac(lT) that receives all maps // : K ^ Qp lg . Let 
C(r Qp ,C) (resp. C°(r Qp ,C)) be the space of continuous (resp. continuous, 
conjugation-invariant) C-valued functions on Fq p . 

C°(r Qp ,C) has a basis given by characters of irreducible finite dimensional 
complex representations of Tq^. There is a unique linear functional 

/v c°(r Qp ,c)^c, 
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which associates with every finite dimensional irreducible character x the 
integer /i p (x) = log p / p (x), where fp(x) is the Artin conductor of x and log p 
is the base-p logarithm. 

Since Tq p is compact, averaging with respect to the Haar measure of 
measure 1 gives us a canonical section f f° of the inclusion 

c°(r Qp ,c)-c(r Qp ,c), 

and so permits us to lift fi p to a measure on Tq p : n p (f) d = f /%>(/°)- 
With any subset T c Hom(iv, P), we can associate the function 

a (A',T) : Tq p ^ 

a |T rwr o T|. 

Let M be a finite free Op®z p Ox-module of rank 1. For T c Hom(/i, P), 
set 

/C(T) = ker | Op ® Zp O k - f] O p j , 

and set /C(M, T) = /C(T) • M. Let C(M, T) be the cokernel of the inclusion 

/C(M,T) +/C(M, T C )^M 

of Op-modules. 

It will be useful later to have another description of this cokernel. Set 
Q(M, T) = coker(/C(M, T c ) ^ M). 

Then C(M, T) is also the cokernel of the natural inclusion 

/C(M,T) ^ Q(M,Y). 

Proposition 9.4.5. Let ep 6e t/ie absolute ramification index of P. Then 

length 0p C(M, T) = -- • e P ■ (n p (a^ K , T)) + M P (a(A',T-))) • 

Proof. If K = n* Ki is the decomposition of K into a product of field exten¬ 
sions of Q p , and 

Tj = T n Hom(iQ,Q p lg ), 

for each i , then we have a® K T >- Moreover, if Mj = M ®o K , 

then we have 

C(M,T) = 0C(M i ,T i ). 

i 

Therefore, without loss of generality, we can assume that K is a field. To 
compute the right hand side of the asserted identity, for each pair rj,rj' e 
Hom(/v, P), consider the function a v;l y e Tq p given by 


jl, if <r(h) = rf\ 

10, otherwise. 
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Fix a uniformizer ttk for K. Let Kq c K be the maximal unramified 
subextension. By Lemme 1.2.4 of }Col93] and the remark following Prop. 
1.2.6 of loc. cit., we have 

(9.4.7) 

(±°Tdo P (r](QK/® p )Op), if r? = ?/; 

= \ —^oidopivi^K) ~ rl(jr K )), if V\k 0 = v'\k 0 and V * rfi 

(O , otherwise. 

Moreover, the following identity is easily verified: 

(9.4.8) a (K,T) + a (K,T c ) = Z a v,v' + Z °W + Z a v,v 

r7,i)'sT ij,77'6T c IJ.K-^P 

p Tftr)' 

Now, observe that we are in the situation of Lemma 19.4.41 with A = Z p , 
B - Ok and C = Op, and the computation there gives us an explicit formula 
for the left hand side of the desired identity. Comparing this with (I9.4.8P 
and (|9.4.7p completes the proof of the Proposition. □ 


Proof of Proposition \9.4- 1\ Fix a prime q c Oe above a rational prime p, 
and also a point y e To^cf 8 )- Let O y be the completed etale local ring 
of To at y. Set W = TT(F q lg ). Fix an algebraic closure Frac(VF) alg of 
Frac(TT), and an embedding Q alg •-+ Frac(VF) alg inducing the place q on 
E c Q alg , embedded via to- This identifies O y with the ring of integers in 
the extension of Frac(VT) generated by the image of E. 

Restricting the line bundle «£? over Spec O y gives us a free 0 y -module 2zf y 
of rank 1, equipped with a canonical section s y : O y -*■ T? y . We claim that 
we have 


(9.4.9) length(T? y /im(s y )) = 2 d 2 -ord q ( 

Assuming this for all q and y, we find 

length (2z^/im(,s y )) 


deg(A) = Y, fogiV(q) Z 

^° E yty 0 (K ls ) 


= 2 


|Aut(y)| 

yvj,u ^ q > 

d ~ 2 ^ log A r ( q ) • ordq ( 0 f/q ) • Y 

1 \ 


= y 

qoO E 




d-2 


E 


VO>0(C) l Aut (y)l/ \qcO B 


E logA r (q)-ord q 


= 2 d 1 •deg c (y 0 ) Tog|D F |. 


Here, in the third identity, as in the proof of Lemma l7.6.3l we have used the 
finite etaleness of To over Oe- 
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It remains to show (19.4.91) . Note that complex conjugation induces an 
involution c on the set rQ p -set Hom(E , p ,Qp lg ). Set 

CM(£p) = {% c Hom(£ p ,Q^) : 4> p u c(4> p ) = Horn (E p ,Qg*)}. 

Let E jj be the etale Q p -algebra associated with the TQ p -set CM(£' P ). There 
is an obvious surjection of TQ^-sets 

CM(£) -> cm(a p ) 

inducing an inclusion Ej!j •-* = E^ Q p of etale Qp-algebras. Associated 

with t 0 -E q ^ Qp lg are the subsets 

= {<L p e CM(£ p ) : i 0 € T p } ; = {$ p e CM(£ p ) : 7 0 e 4> p }, 

and we have 

Now, let T q c T Qp be as in Remark 13.5.31 Viewed as a representation 
of T q , H jj = H ^ ®q Q p admits the Tq-stable subspace corresponding to 
the subspace E jj c £jj. Moreover, we have a canonical lattice iLjj c iLjj 
corresponding to O f j c E jj. This is stable under A"o,q = Ko n T(Q p ), and we 
have a natural Ao,q-equivariant isomorphism of O e $ -modules: 

H U °El - Hi. 

If H> dR o y the de Rham realization of L/jj ^ obtained from Corol¬ 
lary [3331 then we obtain an isomorphism 

^P,dR,0y ®°E$ ) ^ Et p H dR,Oy 

of filtered O y <3>z p O e i -modules. 

Fix a Op-module generator /o e Fil 1 Vb,dR,e> y , and view it as a map 
grpii-HjiR^ -»■ Fil 0 #^^. 

We hnd from the construction that this arises via a change of scalars from 
0 E £ to 0 E | of a map 

flip '■ g r Fa-^p,dR ,o y Fil 0 iTp # dROa 

Let P c Frac(VF) alg be a Galois extension of Frac(IT) containing O y , 
which receives all maps E 'jj -> Qp lg . Then 

M d = f iT pi dR,0 H ®o y Op 

is a finite free Op O -module of rank 1. One can now check that, in 

P 

the notation preceding Proposition 19.4.51 we have 

Fil°iTp, d R,o y Op = JC(M, Tjj) ; grFiiHp,d R ,o B Op = Q(M, 4> p ). 
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Therefore, we have 
(9.4.10) 


length (£y/im(s y )) = 


1 


■2 d dp •ordo p (det(/ 0 ,p)) 


e(P/E,) 

2d-dp 

e(P/E q ) 


lengthy 




-length 0 C(M, $}) 


Here, e(P/E q ) is the ramification index of P over Eq, and d p = [E p : Q p ], 
Now, set N = Vo,dR ,o y ®o y Op: this is a free module of rank 1 over 
Op Oe v ■ Set 

T (, 0 = Hom(E p , Qp lg )\{i 0 }- 

Then we have 

FU 1 V 0idRiOl , O p = K(N, T t0 ). 

Moreover, the action of any generator of Q(N, Y t0 ) induces an isomorphism 


of Op-nrodules. Therefore, we have 


(9.4.11) lengthy 


Q(MM) 


2^- 1 -length Op C(AT,T t0 ). 


/o, p (q(m,$;)) 

Arguing as in Propositions 19.3.21 and 19.3.11 we see that 




_ 2^-2 




where %p is the (possibly trivial) quadratic character of F p associated with 
Ep/F v . From this and Proposition 19.4.51 one easily deduces that we have 

(9.4.12) length 0p C(M, $j*) = e(P/E q ) ■ 2 dp ~ 2 • (2 • ordq(D E /Q) - ord q (0 F/Q )). 
A similar, but much easier computation shows 

(9.4.13) length 0p C(Ak Y,, 0 ) = -e P ■ n p (a(E p , T t0 )) = e(P/E q ) • ord q (c) F/Q ). 

Combining (19.4.101) . (I9.4.11|) . (19.4.121) and (19.4.131) now yields (19.4.91) and 
hence the proposition. 

□ 


9.5. The averaged Colmez conjecture. As in Remark l5-l.il choose any 
£ € F x negative at lq and positive at ti,..., i ( i-\ • This defines a rank two 
quadratic space 

(f,J) = (E,e-Nm B/F ) 


over F, and we set 

(V,Q) = (r, Tr F/Q oJ2) 

as in (15.2.11) . Fix any maximal lattice L c V, and and let Ebad,L be the 
product of all the bad primes with respect to L (see Definition 15.3.31) . 
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Recall the integral model M. -*■ Spec(Z) of the GSpin Shimura variety 
associated with L, as well as the finite cover y -> To associated with the 
level subgroup Kl,o and equipped with a map y -> M.. We also had the 
metrized line bundle 2 on M from 94.51 Over y, this line bundle arises 
from the Hodge filtration on the vector bundle VdR obtained as the de Rham 
realization of the pair (V.L). 

Let (V* ,Q°) be a quadratic space of signature (n°,2) with n > 3, and 
suppose that we have an isometric embedding 

and a maximal lattice L° c V° with L c L°. This corresponds to a map A4 -> 
A4° of integral models over Z for the associated GSpin Shimura varieties. 

Suppose that / e M [_ n<> has integral Fourier coefficients and nonzero 
constant term cy(0,0). Let Z°(f) be the corresponding divisor on A4°, and 
assume that Hypothesis 18.3.11 is satisfied. After replacing / by a multiple if 
necessary, we obtain the vertical metrized line bundle £°(/) = (£°(/),0) on 
A4° as in Theorem 18.3.41 

As before, we will write a b for two real numbers a, b if a -b is a rational 
linear combination of log(p) with p \ Di, a d,L- 


Proposition 9.5.1. We have 


1 ^ • Fait 


_L V" i Fait _ J_ lC 
2 d L n (E&) 2d 2 , n (E,<S>) 


,Col 


1 




4c/(0,0) deg c (L’) 


$ * $ 

Proof. Given Theorems 18.3.41 and 19.4.21 and Proposition 19.3. H we only have 
to show: 


(9.5.1) [u; : y] - degy(a;o) - log \Dp\ ~ L 0. 

For this, note that, via the construction in Proposition 13.5.51 the sheaves 
VdR, and Vo,dR are both associated with the standard T-representation V = 
Vo, but correspond to different Ao,z,-stable lattices in Vp i , f . The hrst is asso¬ 
ciated with the lattice L, and the second with the lattice Lq. In particular, 
since the restrictions of these bundles to the generic fiber does not depend 
on the Ao^-stable lattice, there is a canonical isomorphism 


(9.5.2) lo\y —*■ u?o|y 

of line bundles over Y. At each point y e T°o(C) lying above a place i : F -> 
R, this isomorphism carries the metric jj • on u> y to |i(£)|-times the metric 

II ' llo,y 

Therefore, it is enough to show that (19.5.21) induces an isomorphism 

U \yi D bU L \ ®° F 1 

of line bundles over y[D^ uj L ]. 

This is a statement that can be checked over the complete etale local rings 
of y[Dbad L \- So let q c Oe be a prime lying above a prime p f Db a d,Li and 
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suppose that we have y e T(Fq ls )- Let p c Of be the prime induced from 
q. By the definition of Lp = L p n Vp contains a maximal 0£,p-stable 

quadratic lattice A p . We then must have 

(9.5.3) A p = &F p /Q p Lo,p- 

Let O y be the complete local ring of y at y. As explained in Remar k [3.5.31 
from A p and L p , we obtain de Rham realization A P) dR,o y and Lp,dR. ,o y over 
O y ; these are filtered vector bundles over O y . 

Choose an isometric embedding L •-+ L° with of signature (n°,2) and 
self-dual over Z p . The inclusions A p ^ L p L* give embeddings 

A p ,dR,e>j, ^ V&K,o y 

of free C^-modules. 

It now follows from Lemma 17.7.21 that the inclusion 
MOy n Ap dRjOy ^ u>o y = Fil' V ( \K,o y 

is an isomorphism. 

Therefore, (19.5.31) shows that the isomorphism (19.5.21) induces an isomor¬ 
phism 

u o y -*■ ®O f u 0 ,o y ) 

of line bundles over O y , finishing the proof of the Proposition. 

□ 


Proposition 9.5.2. We can find another choice of auxiliary data 

(r', JO = (£,£'• Nm E/F ) 

and a maximal lattice L' c V' such that gcd(-Dfc a d,L) A>ad,z/) = 1- 

Proof. It is sufficient to show that, given any hnite set of rational primes S, 
we can find and L' such that no prime in S divides -D^z/. 

To make this more concrete, suppose that we given an ideal a c Oe and 
f'cF satisfying io(0 < 0 and > 0 for j > 0. For a prime p. we will 

declare the pair to be good at p if 

= (a,Tr B ^(('Nm|;/ F ))0gZp 

is an Oe -stable quadratic Z p -lattice in (L,Tr^Q(('Nm^ F )) ®qQ p , which 
is self-dual over all primes p | p that are unramified in E, and which satisfies 

when p is ramhfied in E and q c O e is the unique prime above it. Here, we 
have set A p = A p ®o Fp O f , P - 

Lemma 9.5.3. Suppose that (a,f) is good at all p e S. Then there exists a 
maximal lattice 

L'cV' = (E,TT F/Q (C'-Nm E/F )) 
that is good at all primes p € S. 
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Proof. For any prime p e S, and any prime pc Of lying above such p, write 
Yp c for the p-isotypic part of Vq , and fix a maximal lattice L p c Yp 
containing A p . Now, take L' c V' to be any maximal lattice such that, for 
every p € S, L' Zp contains ® p | p L p . □ 

It now remains to find a pair (n,^) that is good at all primes in S. 
Given a pair (a,£') as above, one can check that the pair is good at p 
if and only if for all primes pc Of lying above p. p is relatively prime to 
f , 'Nm E / F (a)d F iQ. 

Write C1 + (F) for the narrow class group of F and C^U) for the class 
group of E. The norm map induces a map 

(9.5.4) Cl (E) Cl + (T) 

This map is surjective if and only if E/F is ramified at some finite prime. 
Indeed, via class field theory, the surjectivity of (19.5.41) is equivalent to the 
assertion that the narrow class field of F does not contain E. 

Suppose that EjF is unramified at all finite places. In this case, the 
quadratic character Xe/f can be viewed as a character 

Xe/f ■ C1 + (T) -»• {±1}, 

whose kernel is exactly the image of (19.5.41) . We now interrupt the proof 
for: 

Lemma 9.5.4. When E/F is unramified at all finite places, d = 0 (mod 2). 
Moreover, we have 

Xe/f(^f/q) = (-l)^ 2 - 

Proof. Treating Xe/f as an idele class character, consider its infinite part 
Xe/f, oo- Since E is a totally imaginary extension of F, Xe/f, <x> is the product 
of the sign characters over all infinite places of F. Since Xe/f is unramified 
at all finite places, for any unit a e Op, we have 

Xe/f, oo(a) = XE/F( a )XE/Fj ( a ) 1 = 1- 

Applying this to the case a = -1 shows that (-l) d = 1, and so d must be 
even. 

The final assertion is an improvement by Armitage |Arm67i Theorem 3] 
of a classical result of Hecke. □ 

We return to the proof of Proposition 19.5.21 Choose an arbitrary £o £ Of 
with to(£o) < 0 and tj(fio) > 0 for j > 0. Consider the ideal 

b = £ o ^>f/q c ®f- 

Assume either that E/F is ramified at some finite prime, or that E/F 
is unramified and d = 2 (mod 4). Under either assumption, we claim that 
there exists an ideal a c Oe and a totally positive element 77 € F x such that 

r/Nm E / F a = b , 
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In other words, the class of b in Cl + (F) is in the image of ()9.5.4I) . 

If E/F is ramified, then this is immediate from the surjectivity of ()9.5.4I) . 
If E/F is unramified, then b = and by (19.5.41) . we have: 

Xe/fW = (- 1 ) 2+1 - 

Therefore, when d = 2 (mod 4), b is in the image of (I9.5.4p . and the claim 
follows. 

Now, it is easily checked that, with £' = pf q, (a,^) is good at all primes 

p. 

It remains to consider the case where E/F is unramified and d = 0 
(mod 4). In this case, Xe/f(^f/q) = 1 by Lemma 19.5.41 Therefore, we 
can find an a c Oe and totally positive p e F x such that 

77 • Nm E/f (fl) = bp /Q - 

Now, given a totally positive f3 e F, the pair (a, f3pfo) is good at a all 
primes in S if and only if /3f 0 is not divisible by any p e S. Such a f3 can 
always be found by weak approximation. □ 

Theorem 9.5.5. We have 

iv/, Falt -Lv h Coi 
n,d L,' l {E^) - 9d 2^, n (E,<S>)- 

z <£ z <l> 

Proof. Combining Propositions 19.5.11 and 19.5.21 we find that we have 
Fd X! ^Je%) ~ Fd X! = E log(p), 

z <J> z <J> p 

where we can compute 6 e(p) as follows: Choose auxiliary data and 

a maximal lattice L c V such that p i Dhad^- Also choose an auxiliary 
quadratic space (I /<> ,Q°) of signature (n°,2) with n° > 3, as well as a 
maximal lattice L° c containing L. Choose a weakly holomorphic form 

f(r) = E c f(m)-q m e M[_n(u; L o) 

m»-oo 

with integral principal part and cy(0,0) / 0, and satisfying Hypothesis 18. 3. II 
Then, after replacing / by a suitable multiple, we have: 

(9.5.5) £ b E (p) log (p) = (oo/dEyw 

p dcf(0,0) deg c (y) 

Therefore, it is enough to show that, for each prime p, we can choose 
and / such that £°(/) does not intersect A4p p . 

It is an easy exercise, given the classification of quadratic forms over Q, 
to find such that n° = 2d, and such that L ^ is self-dual, and such that 
L embeds isometricaly in L°. Now, the orthogonal complement 

A = L 1 c L° 

is a rank 2 positive definite lattice over Z. Any rational prime not split 
in the discriminant field of A will fail to be represented by Aq. Therefore, 
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by Theorem 19.5.61 below, we can find a weakly modular form / as above 
such that cj(m ) =£ 0 only if m is not represented by Aq. In particular, 
Hypothesis 18.3.11 is satisfied, and, since L ^ is self-dual, by Theorem 14.8.11 
<?°(/) does not intersect as desired. 

We note again that the proof only used knowledge of the divisor of the 
Borcherds lift of / at primes where is self-dual, which is contained 
in [Ho rl4] , and not the full strength of Theorem 14.8.11 □ 

The proof above used the following result from |Brul5| . which we state 
here for the reader’s convenience. 

Theorem 9.5.6 (Bruinier). If S is any infinite subset of square-free positive 
elements of Df), Z represented by L° ,v , there is a weakly holomorphic form 
f € M|_ n<> i 2 (ivl°) such that 

(1) Cj(m,/r) e Z for all m and p, 

(2) Cj(0,0) f 0, 

(3) if m > 0 and m £ S, then c^(-m, p) = 0 for all p e L° ,v /L°. 
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